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Abstract. In this paper, we considered the theory of quasideterminants and 
row and column determinants. We considered the apphcation of this theory 
to the solving of a system of linear equations in quaternion algebra. We es- 
tablished correspondence between row and column determinants and quaside- 
terminants of matrix over quaternion algebra. 
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1. Preface 

Linear algebra is a powerful tool that we use in different areas of mathematics, in- 
cluding calculus, analytic and differential geometry, theory of differential equations, 
optimal control theory. Linear algebra has accumulated a rich set of different meth- 
ods. Since some methods have a common final result, this gives us the opportunity 
to choose the most effective method, depending on the nature of calculations. 

At transition from linear algebra over a field to linear algebra over division ring, 
we want to save as much as possible tools that we regularly use. Already in the 
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early XX century, shortly after Hamilton created quaternion algebra, mathemati- 
cians began to search the answer how looks like the algebra with noncommutative 
multiplication. In particular, there is a problem how to determine a determinant 
of a matrix with elements belonging to noncommutative ring. Such determinant is 
also called noncommutative determinant. 

There were a lot of approaches to the definition of the noncommutative determi- 
nant. However none of the introduced noncommutative determinants maintained 
all those properties that determinant possessed for matrices over a field. Moreover, 
in paper [11], J. Fan proved that there is no unique definition of determinant which 
would expands the definition of determinant of real matrices for matrices over di- 
vision ring of quaternions. Therefore, search for a solution of the problem to define 
a noncommutative determinant is still going on. 

In this paper, we consider two approaches to define noncommutative determi- 
nant. Namely, we explore row-column determinants and quasideterminant. 

Row-column determinants are an extension of the classical definition of the deter- 
minant, however we assume predetermined order of elements in each of the terms of 
the determinant. Using row-column determinants, we obtain the solution of system 
of linear equations over quaternion algebra according to Cramer's rule. 

Quasideterminant appeared from the analysis of the procedure of matrix in- 
version. Using quasideterminant, the procedure of solving of a system of linear 
equations over quaternion algebra is similar to the method of Gauss. 

There is common in definition of row and column determinants and quasideter- 
minant. In both cases, we have not one determinant in correspondence to qua- 
dratic matrix of order n with noncommutative entries, but certain set (there are 
quasideterminant, n row determinants, and n column determinants). 

Today there is wide application of quasideterminants in linear algebra ([18, 21]), 
and in physics ([12, 13, 20]). Row and column determinants ([14]) introduced rel- 
atively recently are less well known. Purpose of this paper is establishment of the 
correspondence between row and column determinants and quasideterminants of 
matrix over quaternion algebra. The authors are hopeful that the establishment of 
this correspondence can provide mutual development of both theory quasidetermi- 
nants and theory of row and column determinants. 

2. Convention about Notations 

There are different forms to write elements of matrix. In this paper, we denote 
aij an element of the matrix A. Index i labels rows, and index j labels columns. 
We use the following notation for different minors of the matrix A 
Sii . : the row with index i 

As . : the minor obtained from A by selecting rows with index from the 
set S 

A* ■ : the minor obtained from A by deleting row . 

A"^ ■ : the minor obtained from A by deleting rows with index from the set 
S 

a. j : column with index j 

A. T '• the minor obtained from A by selecting columns with index from 
the set T 

A -' : the minor obtained from A by deleting column a. j 
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A' : the minor obtained from A by deleting columns with index from the 
set T 

A,j (b) : the matrix obtained from matrix A by replacing its column with 

number j by column b 
Ai. (b) : the matrix obtained from matrix A by replacing its row with 
number i by row b 
Considered notations can be combined. For instance, the record 

Al?(b) 

means replacing of the row with number k by matrix b followed by removal of the 
row with number i and by removal of the column with number i. 

As was noted in section [17J-2.2, we can define two types of matrix products: 
either product of rows of first matrix over columns of second one, or product of 
columns of first matrix over rows of second one. However according to the theorem 
[17J-2.2.5 this product is symmetric relative operation of transposition. Hence in 
the paper, we will restrict ourselves by traditional product of rows of first matrix 
over columns of second one; and we do not indicate clearly the operation like it was 
done in [17]. 

3. Preliminaries 

Theory of determinants of matrices with noncommutative elements can be di- 
vided into three groups regarding their methods of definition. Denote M{n, K) the 
ring of matrices with elements from the ring K. One of the ways to determine 
determinant of a matrix of M (n, K) is following ([1, 4, 5]). 

Definition 3.1. Let the functional 

d : M(n,K) ^ K 

satisfy the following axioms. 

Axiom 1. d (A) = iff A is singular (irreversible). 

Axiom 2. VA, B e M (n, K), d (A • B) = d (A) • d (B). 

Axiom 3. If we obtain a matrix A' from matrix A either by adding of an 

arbitrary row multiplied on the left with its another row or by adding of 

an arbitrary column multiplied on the right with its another column, then 

d(A') = d(A) 

Then the value of the functional d is called determinant of matrix A G M (n, K) . □ 

Known determinants of Dicudonnc and Study arc examples of such functional. In 
[1], Aslaksen proved that determinants that satisfy axioms 1, 2, 3, take their value 
in some commutative subset of the ring. Also it makes no sense for them such 
property of conventional determinants as the expansion relative to minors of a row 
or column. Therefore, the determinant representation of the inverse matrix using 
only these determinants is impossible. This is the reason that causes to introduce 
determinant functionals that do not satisfy all the above axioms. However in [5], 
Dyson considers the axiom 1 as necessary to determine the determinant. 

In another approach, the determinant of a square matrix over noncommutative 
ring is considered as a rational function of the entries of matrix. The greatest 
success is achieved by Gelfand and Retakh in the theory of quasidetcrminants ([9, 
10]). We present introduction into the theory of quasideterminants in section 6. 
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In third approach, the determinant of a square matrix over noncommutative ring 
is considered as alternating sum of n! products of the entries of matrix; however, 
it assumed certain fixed order of factors in each term. E. H. Moore was first who 
achieved implementation of the key axiom 1 using such definition of noncommu- 
tative determinant. Moore had done this not for all square matrices, but only for 
Hermitian. He defined the determinant of Hermitian matrix^ A = {aij)nxn over 
division ring with involution by induction over n following way (see [5]) 



(3.1) MdetA 



an, n = 1 

n 

J2 e,ja,jMdet {A{i j)) , n > 1 



\ I, i = j 

Here Skj = < ' , and using A(i — >■ j) we denoted the matrix obtained 

[ -1, i ^ i 

from the matrix A by successive replacement of column with number j by col- 
umn with number i and removing from matrix of row with number i and column 
with number i. Another definition of this determinant is presented in [1] using 
permutations: 

Mdet A ^ ^ |^|^niini2 * . ■ . ' ^n-ii-^ nn '^n2in22 ' ■ • ■ ' ^n^;^ n^i ■ 
creS„ 

Here Sn is symmetric group of n elements. A cycle decomposition of a permutation 
a has form: 

a = (nil • --nuj (^21 . . .71.2(2) • • ■ ("ri • ■■ririj . 

However, there was no any generalization of the definition of determinant by 
Moore for arbitrary square matrix. Freeman J. Dyson pointed out the importance 
of this problem in the paper [5] . 

In papers [2, 3], L. Chen offered the following definition of determinant of square 
matrix over division ring of quaternions A = (lij) G M (ri, H): 

det A = ^ £ (fj) (lmi2 ' ^1213 ..." ^isHi' ..." Cln^k2 ■ . ■ . ■ CLkiTiri 

a = {nii2 . . .is) . . . (71^/02 . . . K) , 
ni > i2,i3, ■ ■ ■ ,is] ■ ■ ■ ,nr > fc2, fcs, . . . , ki, 
n = ni > n2 > ■ . ■ > Ur > 1. 

Despite the fact that this determinant does not satisfy the axiom 1, L. Chen re- 
ceived the determinant representation of the inverse matrix. However we cannot 
also expand his determinant relative to minors of rows or column (except for n- 
th row). Therefore, L. Chen also did not receive a classical adjoint matrix. For 
A = (ai, . . . ,a,n) over division ring of quaternions H, if ||A1| := det(A*A) ^ 0, 
then 3A^-'^ = {bjk), where 

= -p^t^fej, (j,fc= 1,2,...,77), 

iVkj = det (ai . . . aj^ianttj+i . . . a„_i(5fc)* (ai . . . aj_iQ!„Q;j+i . . . a„_iaj) . 



-'^ Hermitian matrix is such matrix A = (aij) that a^j 
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Here ai is i-th column of A, Sk is n-dimensional column with 1 in fc-th row and 
in other ones. L. Chen defined ||A|| := det(A*A), as double determinant. The 
solution of the right system of linear equations 



E 



over H in case ||A|| 
calls Cramer's rule 



^ represented by the following formula, which the author 



= ||A|r^D„ Vj = l,i 



where 



= det 



0L\ 



aj+i 



Here ai is i-th column of matrix A, a* is i-th row of matrix A*, /3* is n-dimensional 
vector-row conjugated with /3. 

In this paper, we explore the theory of row and column determinants which 
develops the classical approach to the definition of the determinant of the matrix, 
but with a predetermined order of factors in each of the terms of the determinant. 



4. Quaternion Algebra 



A quaternion algebra 



(a, 6) 



(we also use notation ( 



is four- 



dimensional vector space over the field F with basis {l,i,j,k} and the following 
multiplication rules: 

,•2 



J 

ji = 



a, 

= b, 
k, 

-fc. 



The field F is the center of the quaternion algebra ]HI(a, b). 
In the algebra IHI(a, b) there are following mappings. 

• A quadratic form 

n : a; e H ^ n(a;) G F 

such that 

n{x ■ y) ~ n{x)n(jj) x,y gM 

is called the norm on quaternion algebra H. 

• The linear mapping 

t:x^x" + x^i + x^j + x^keM^ t{x) = 2x° e¥ 



5 



Correspondence between 

Row-Column Determinants 

and Quasideterminants 

of Matrices over Quaternion Algebra 



Aleks Kleyn and Ivan Kyrchei 



(4.1) 
(4.2) 



is called trace of quaternion. Trace satisfies permutability property 
of the trace: 

t{q-p) =t{p-q) 
From the theorem [17J-10.3.3, it follows 

t{x) ~ ~ ~ ■^^■^ ~ kxk) 

• A linear mapping 

X ^ X ~ t{x) — X 
is an involution. Involution has following properties 

X = X 

x + y 

y ■ X 



X - 



y 



X ■ y 



Norm 



A quaternion x is called the conjugate of quaternion x G 

and involution satisfy the following condition: 

n (5) = n{q) 

Trace and involution satisfy the following condition: 

t (x) ^ t{x) 
From equations (4.1), (4.2), it follows that 

X = — — {x + ixi + jxj + kxk) 

Depending on the choice of the field F, a and 6, on the set of quaternion algebra 
there are only two possibilities [19]: 

1. ^^^^ is 9- division algebra. 

2. ^"^^ is isomorphic to the algebra of all 2 x 2 matrices with entries from the 

field F. In this case, quaternion algebra is splittable. 

Consider some non-isomorphic quaternion algebra with division. 
'a, b\ 

-— I , where M is real field, is isomorphic to the Hamilton quaternion skew 
^ / 

field H whenever a < and & < 0. Otherwise ^"^^ i^ splittable. 

2. If F is the rational field Q, then there exist infinitely many nonisomorphic 

fa,b\ 

division quaternion algebras ( ~q~ ) depending on choice of a < and 6 < 0. 

3. Let Qp be the p-adic field where p is a prime number. For each prime number 
p there is a unique division quaternion algebra. 

5. Introduction to the Theory of the Row and Column Determinants 

The row and column determinants are introduced for matrices with entries in 
quaternion algebra H. To introduce the row and column determinants, we need the 
following definitions in the theory of permutations. 



1. 
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Definition 5.1. Let S„ be symmetric group on the set /„ = {1,2, ...,n} ([6], p. 
30). If two-line notation of a permutation a € Sn corresponds to its some cycle 
notation, then we say that the permutation a G Sn forms the direct product of 
disjoint cycles 

^ _ / mi ni2 ... ... Url nr2 ■■• riri\ 

\ni2 ni3 ... nil ■ ■■ "-r2 rtrs ... n^i J 

□ 

Definition 5.2. We say that cycle notation (5.1) of the permutation a is left- 
ordered, if elements, which closes each of its independent cycles, are recorded first 
on the left in each cycle 

cr = (niini2 . ■ .UuJ (n2in22 . ..^2/2) . • . {nrinr2 ■ • . J . 

□ 

Definition 5.3. We say that cycle notation (5.1) of the permutation a is right- 
ordered, if elements, which closes each of its independent cycles, are recorded first 
on the right in each cycle 

cr = {ni2 . ..nu^nii) (7122 . . .n2/2"2i) • • ■ ("r2 • ■■n.ri^nri) . 

□ 

Definition 5.4. Let Sn be symmetric group on the set /„ = {1, 2, 71}. Let 
7 G 1,71. The ith row determinant of matrix A = (aij) G M{n,M) is defined as 
expression 

rdeti A = ^ ^ (~1) ^Hki^ikiiki+l ■ ■ -^iki+lii ■ ■ ■ '^ikrik^+l ■ ■ ■ '^ik^ + l^'i-kr 
<t6S„ 

This expression is defined as the alternative sum of 77! monomials compounded 
from entries of matrix A such that the index permutation a E Sn forms the direct 
product of disjoint independent cycles 

cr = {iik^iki+i ■ . .7fci+iJ (ifc^ifca+i • • •«fc2+i2) • • • («fc,-«fc,+i . • . Uv+; J 
In left-ordered cycle notation of the permutation cr, the index i starts the first cycle 
from the left and other cycles satisfy the following conditions 

jfc2 < «fc3 < • ■ • < ikt<ikt+s, {\/t^2~P), (Vs = l,Zt). 

□ 

Definition 5.5. Let Sn be symmetric group on the set J„ = {1, 2, 71}. Let 
j G 1, 71. The jth column determinant of matrix A = (a^ ) G M (71, H) is defined 
as expression 

Cdetj A — (^1) ^jkrikr+W ■ • ■ ^jkr + lik^ ■ ■ -^jjki+li ■ ■ ■ ^jki+ljki'^jkiJ- 

This expression is defined as the alternative sum of 77! monomials compounded 
from entries of matrix A such that the index permutation r S S'„ forms the direct 
product of disjoint independent cycles 

T = (ifcr+ir • • -jk^ + likr) ■ ■ ■ Uk2+l2 ■ ■ • Jfc2 + life2) {jki+h ■ --jki + dkij) 
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In right-ordered cycle notation of the permutation t, the index j starts the first 
cycle from the right and other cycles satisfy the following conditions 

jk2 < jfc3 < . . . < jk^, jkt < jkt+s, (Vt = 2, r) , (Vs = 1, k) . 

□ 

Remark 5.6. The peculiarity of the column determinant is that, at the direct cal- 
culation, factors of each of the monomials are written from right to left. □ 

In lemmas 5.7 and 5.8, we consider recursive definition of column and row de- 
terminants. This definition is an analogue of the expansion of determinant by rows 
and columns in commutative case. 

Lemma 5.7. Let Rij be the right ijth cofactor of entry Uij of matrix A = 

(aij) E M{n,M), namely 



rdeti A = ^ aij • Rij i = l,n 

j=i 



Then 

R 



k = 



-rdet, (A^;(a.,)) i^j 
rdetfc A" i = j 

'2 i = l 
1 i>l 



where we obtain the matrix (A" (a. i)) from A by replacing its jth column with the 
ith column b and after that by deleting both the ith row and the ith column. □ 

Lemma 5.8. Let Lij be the left ijth cofactor of entry aij of matrix A ~ {o-ij) G 
M (n, H), namely 



cdetj A = Lij • aij j = 1, n 

i=l 



Then 

L 



-cdct, (Af (a,.)) iy^j 
cdctfc A^^ i = j 



where we obtain the matrix (A^-'(aj .)) from A by replacing its ith row with the 
jth and after that by deleting both the jth row and the jth column. □ 

Remark 5.9. Clearly, any monomial of each row or column determinant of a square 
matrix corresponds to a certain monomial of another row or column determinant 
such that both of them have the same sign, consists of the same factors and differ 
only in their ordering. If the entries of an arbitrary matrix A are commutative, 
then rdeti A = . . . = rdet„A = cdeti A = . . . = cdct„A. □ 

Consider the basic properties of the column and row determinants of a square 
matrix over H. Their proofs immediately follow from the definitions. 



8 



Correspondence between 
Row-Column Determinants 
and Quasidetcrminants 

Aleks Kleyn and Ivan Kyrchci of Matrices over Quaternion Algebra 



Theorem 5.10. // one of the rows (columns) of the matrix A G M (n, H) consists 
of zeros only, then for all i ~ l,n, 

rdeti A = 0, cdct; A = 0. 

Theorem 5.11. // the ith row of the matrix A e M(n,H) is left- multiplied by 
& G H, then for all i = l,n 

rdcti A,; . (6 • a. i) = b ■ rdcU A. 

Theorem 5.12. // the jth column of the matrix A G M{n,M) is right-multiplied 
by b E H, then for all j = 1, n 

cdctj A,j {aj . ■ b) — cdctj A • b. 

Theorem 5.13. // for A G M (n, H) there exists index k G In such that a^j = bj+Cj 
for all j = l,n, then for any i = 1, n 

rdeti A = rdet^ A^ . (b) + rdet^ A^ . (c) , 
cdeti A = cdeti A^ . (b) + cdct.; A^ . (c) . 
where b = . . . , 6„), c = (ci, . . . , c„). 

Theorem 5.14. If for A G M (n, H) there exists index k G /„ such that aik = bi-\-Ci 
for all i = \,n, then for any j = 1, n 

rdctj A = rdctj A. k (b) + rdctj A. k (c) , 
cdetj A = cdetj A. k (b) + cdetj A. k (c) . 

where b = [bi, . . . , bnY , c = (ci, . . . , c^Y . 

Theorem 5.15. Let A* be the Hermitian adjoint matrix o/ A G M(n,EII), then 
rdeti A* = cdet^ A for any i = l,n. □ 

The following theorem is crucial in the theory of the row and column determi- 
nants. 

Theorem 5.16. If A = {aij) G M(n,EI) is a Hermitian matrix, then 
rdetiA = . . . = rdet„A = cdetiA = . . . = cdet„A G F. 

□ 

Remark 5.17. Since all column and row determinants of a Hermitian matrix over 
division ring H are equal, we can define the determinant of a Hermitian matrix 
A G M(n,H) 

det A := rdetj A = cdeti A, (Vi = 1, n) . 

□ 

Remark 5.18. Since we represent determinant of the Hermitian matrix as i-th row 
determinant {i is arbitrary), then according to lemma 5.7, we have 

det A = - Yj a»i • I'detj (A*j(a. i)) + an ■ rdetfe A" 

cres„ 

(5-2) \2 

k = < 

[1 i>l 

By comparing expressions (3.1) and (5.2) for Hermitian matrix A G M(??, H), 
we conclude that the row determinant of a Hermitian matrix coincides with the 
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Moore determinant. Hence the row and column determinants extend the Moore 
determinant to an arbitrary square matrix. □ 

Properties of the determinant of a Hermitian matrix is completely explored in 
[14] by its row and column determinants. Among all, consider the following. 

Theorem 5.19. // the ith row of the Hermitian matrix A G M(ri,H) is replaced 
with a left linear combination of its other rows 

a.;. = cia^j .+... + Cka,^ . 

where c; G H for all / = 1, fc and {i, ii} C /„, then for all i = 1, n 

cdeti Ai . (ci • . + ... + Cfc • a^^^ . ) = rdeti A,; . (ci • a^^ . + . . . + Ck • a^^^ . ) = 0. 

□ 

Theorem 5.20. // the jth column of a Hermitian matrix A G M (n, H) is replaced 
with a right linear combination of its other columns 



where c; G H for all I 
cdetjA. j (a. ■ ci 4 



1, k and {j,ji} C Jn , then for all j = 1, n 
. . + a,j^ ■ Ck) = rdetjA.j (a. • ci + . . . + a 



■3k 



Ck) = 0. 



□ 



The following theorem on the determinantal representation of the matrix inverse 
of the Hermitian one follows directly from these properties. 

Theorem 5.21. There exist a unique right inverse matrix (i?A)^^ and a unique left 
inverse matrix (LA)^^ of a nonsingular Hermitian matrix A G M (n, H), (det A ^ 
0), where (i?A) = (LA.) =: A^^. Right inverse and left inverse matrices has 
following determinantal representation 









R2I 


Rnl\ 


{RA)-'^ 


1 


Rl2 


R22 


Rn2 


det A 












\Rln 


R2n 


Rnn / 








L2I 




{LA)-' = 


1 




L22 


Ln2 


det A 












\Lln 


L2n 





where Rij, Lij are right and left ij-th cof actors of A respectively for all i,j = 

T~n. a 

To obtain the determinantal representation for an arbitrary inverse matrix over 
division ring H, we consider the right AA* and left A* A corresponding Hermitian 
matrix. 

Theorem 5.22 ([14]). If an arbitrary column of matrix A G H"*^" is a right linear 
combination of its other columns, or an arbitrary row of matrix A* is a left linear 
combination of its other rows, then det A* A = 0. □ 
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Since the principal submatrices of a Hermitian matrix are also Hermitian, then 
the basis principal minor may be defined in this noncommutative case as a principal 
nonzero minor of maximal order. We also introduce a notion the rank of a Her- 
mitian matrix by principal minors, as maximal order of a principal nonzero 
minor. The following theorem establishes the correspondence between the rank by 
principal minors of a Hermitian matrix and the rank of matrix defined as the max- 
imum number of right-linearly independent columns or left-linearly independent 
rows, which form a basis. 

Theorem 5.23 ([14]). A rank by principal minors of a Hermitian matrix A*A is 
equal to its rank and a rank of A G H™^". □ 

Theorem 5.24 ([14]). If A E H"'^", then arbitrary column of matrix A is a right 
linear combination of its basic columns or arbitrary row of matrix A is a left linear 
combination of its basic rows. □ 

This implies a criterion for the singularity of a corresponding Hermitian matrix. 

Theorem 5.25 ([14]). The right linearly independence of columns of the matrix 
A G ]g["ixn Qj- ^/jg ipj^i linearly independence of rows of A* is the necessary and 
sufficient condition for 

det A*A ^ 



Theorem 5.26 ([14]). If A eM{n,M), then detAA* = det A* A. 
Example 5.27. Consider the matrix 



□ 



A = 



Then 

Respectively, we have 
AA* 




an ai2 \ 
\a2i a22 J 

I Wi a2i\ 

\aT2 022 J 

0-120-12 aiia2i 
022012 a2ia2i 



ai2Cl22 

a22a22 , 



A*A 



aiiflii + 021021 Oiiai2 + 021022 \ 
\aT2Oll + 022021 oTJai2 + 022022 j 

To assess the determinants of obtained Hermitian matrices, we consider for example 
the first row determinant of each matrix. According to the theorem 5.16 and the 
remark 5.17 we have 

detAA* = rdetiAA* 
det A* A = rdetiA*A 
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According to the lemma 5.7 

det AA* = (AA*)ii(AA*)22 - (AA*)i2(AA*)2i 
= (aiiaTT + a uoH) (0-21021 + 022022) 
-(oiioiT + oi2a5i')(a2iair + 022012) 
= aiiaTTa2ia2i + 012012021021 

(5.3) +011011022022 + oi2aTia22oii' 

— 011O21O21O11 — 012022021011 
— 011O21O22O12 — 012O22O22O12 
= 012012021021 + 011011022022 
— 012O22O21O11 — 011021022012 

det A*A = (A*A)ii(A*A)22 - (A*A)i2(A*A)2i 
= (aTToii + 057021 )(al20i2 +055^022) 
-(aTToi2 + 021022) (012011 + o5i'02i) 
= 011011012012 + 021021012012 

(5.4) +aIToiiaii'o22 + a5To2iaii'o22 

— 011O12O12O11 — 021O22O12O11 
— 011O12O22O21 — 021O22O22O21 
= 021021012012 + 011011022022 
— 021O22O12O11 — 011O12O22O21 

Positive terms in the equations (5.3), (5.4) are real numbers and they obviously 
coincide. To prove equation 

(5.5) oi2aii'o2iair + Oiiairo22ol2 = 0^702201^011 + airoi2oii'02i 

we use the rearrangement property of the trace of elements of the quaternion alge- 
bra, t{pq) = t{qp). Indeed, 

oi2aiio2ian + 011057022012 = Oi2oi5o2ioir + 0120^^021011 = t(oi2aiio2iaIT), 
021022012011 +011012022021 = 011012022021 + aTToi2oii'o2i = t (011012022021) 
Then by the rearrangement property of the trace, we obtain (5.5). □ 

According to the theorem 5.26 we introduce the concept of double determinant. 
For the first time this concept was introduced by L. Chen ([2]). 

Definition 5.28. Determinant of the Hcrmitian matrix AA* is called double 
determinant of the matrix A G M (n, H) 

ddetA := det (A* A) = det (AA*) 

□ 

If H is the classical quaternion skew field H over the real field, then the following 
theorem establishes the validity of Axiom 1 for the double determinant. 

Tiieorem 5.29. // {A, B} C M (n, H), then ddct (A • B) = ddetA • ddetB. □ 

Unfortunately, if non-Hermitian matrix is not full rank, then nothing can be said 
about singularity of its row and column determinant. We show it in the following 
example. 
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Example 5.30. Consider the matrix 

A^ 



* J 



Its second row is obtained from the first row by left-multiplying by k. Then, by 
Theorem 5.25, ddetA = 0. Indeed, 



A* A 



Then ddetA = 4 + Ak"^ = 0; however 

cdeti^ — cdet2A = rdeti^ = rdet2A 
At the same time rank A = 1, that corresponds to the theorem 5.23. □ 

The correspondence between the double-determinant and the non-commutative 
determinants of Moore, Stady and Dieudonnc are obtained 

ddetA = Mdet (A* A) = SdetA = Ddet^A 
Definition 5.31. Let 

ddetA = cdetj (A* A) ^Y^^ij ' ^ij = 

i 

then hij is called the left double ijth cofactor of entry of the matrix 
A£M(n,H). □ 



Definition 5.32. Let 

ddetA = rdet, {AA*)=J2< 



Vi = l.n 



then 



is called the right double ijth cofactor of entry a.y of the matrix 



A e M(n,H). 



□ 



Theorem 5.33. The necessary and sufficient condition of invertibility of matrix 



A = (a„) e M(n,H) is ddetA ^ 0. Then 3A-^ = (LA) ^ 

(Ui IL21 

12 IL22 



(5.6) (LA)"^ = (A*A)"^ A* = 



1 

ddetA 



(i?A) ^ , where 

IL„2 



(5.7) (i?A)" = A*(AA*)" 



1 

ddetA* 



\Li„ L2„ . . . L„„/ 
R„i\ 



■ 11 

■ 12 



■ 21 

■ 22 



° In ^2n ■ ■ ■ K „„/ 

and L.y = cdetj(A*A).j (A*J, R ij = rdet.,(AA*),. (A* ) , (Vi, j = T~R). 
Corollary 5.34. Let ddetA 7^ 0. Then 



□ 



□ 
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Remark 5.35. In the theorem 5.33, the inverse matrix A^^ of an arbitrary matrix 
A G M{n,M) under the assmnption of ddetA is represented by the analog of 
the classical adjoint matrix. If we denote this analog of the adjoint matrix over H 
by Adj[[A]], then the next formula is valid over H: 

Adj[[A]] 



A-^ = 



ddetA 

□ 



An obvious consequence of a determinantal representation of the inverse matrix 
by the classical adjoint matrix is the Cramer's rule. 

Theorem 5.36. Let 

(5.8) A.x = y 

be a right system of linear equations with a matrix of coefficients A G M{n,M), a 
column of constants y ~ (i/i, . . . ,?/„)"^ G H"^"^, and a column of unknowns x = 
(xi, . . . , a;„) . //ddetA 7^ 0, then the solution to the system of linear equations 

(5.8) has a unique solution that is represented by equation: 

(5.9) X, = ^det,(A*A),-(f) ^ _ 

ddetA 

where f = A*y. □ 
Theorem 5.37. Let 

(5.10) x-A = y 

be a left system of linear equations with a matrix of coefficients A G M(n,H), a 
column of constants y = {yi, . . . ,yn) G H"'^^" and a column of unknowns x = 
(xi, . . . , Xn)- //ddetA ^ 0, then the system of linear equations (5.10) has a unique 
solution that is represented by equation: 

rdet, (AA*)^^ (2) 
ddetA 

where z = yA* . □ 

Equations (5.9) and (5.11) are the obvious and natural generalizations of Cramer's 
rule for systems of linear equations over quaternion algebra. As follows from the 
theorem 5.21, the closer analog to Cramer's rule can be obtained in the following 
specific cases. 

Theorem 5.38. Let the matrix of coefficients A G M(7i,H) in the right system of 
linear equations (5.8) over division ring H be Hermitian. Then the system of linear 
equations (5.8) has the unique solution represented by the equation: 



cdctjA.j (y) 
det A 



(Vj = l,n). 

□ 



Theorem 5.39. Let the matrix of coefficients A G M(n, H) in the left system of 
linear equations (5.10) over division ring M be Hermitian. Then the system of linear 
equations (5.10) has the unique solution represented by the equation: 

rdet.A,. (y) , — , 
det A ' (V* = 

□ 
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In the framework of the row-column determinants also obtained Cramer's rule for 
the right AX = B, left XA = B and two-sided AXB = C matrix equations are 
obtained ([15]). Determinantal representations of Moore-Penrose inverse matrix 
and Cramer's rule for the normal solution of the left and right system of linear 
equations are given as well ([16]). 

6. QUASIDETERMINANT 

Theorem 6.1. Suppose matrix 

^aii ... air 
A = 

has inverse matrix A^^ r Then minor of inverse matrix satisfies the following 
equation, provided that the inverse matrices exist 

(6.1) ((A-i)zj)-i = Aj, - AjXA-^'r^A',, 

Proof. Definition of inverse matrix leads to the system of linear equations 

(6.2) A"{A~^y-j + A'j{A-^)ij = Q 

(6.3) Ai{A-y,j + Aji{A-^)ij^E 

We multiply (6.2) by (A'^-^)"^ 

(6.4) (A-i)^^ + (A'^^)-iA;^,(A-i)„ = 
Now we can substitute (6.4) into (6.3) 

(6.5) AjKA-1)/j - Ai{A")-'A-'j{A-^)ij = E 

(6.1) follows from (6.5). □ 

Corollary 6.2. Suppose matrix A has inverse matrix. Then elements of inverse 
matrix satisfy to the equation 

(6.6) ((A-l),,)-l=a,,-A^^(A^^)-lA^ 



□ 



Example 6.3. Consider matrix 

A = 



According to (6.6) 






(6.7) 




= (an 


(6.8) 




= (a2i 


(6.9) 




= (ai2 


(6.10) 


{A-%2 


= (a22 



an ai2 

021 022, 



a22(ai2) ^ an) ^ 



□ 



^This statement and its proof arc based on statement 1.2.1 from [7] (page 8) for matrix over 
free division ring. 
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We call matrix 

(6.11) nA={{nA),,) = {{a,,)-^) 
Hadamard inverse of matrix 

^aii ... air 
A = 

y'^Til ■ ■ ■ y 

Definition 6.4. (ji)-quasideterminant of the matrix A of n x n matrix A is 
formal expression 

(6.12) |A|,, = (HA-i),, - ((A-i),,)-i 

We consider (ji)-quasideterminant as an element of the matrix \A\ , which is called 
quasideterminant. □ 

Theorem 6.5. Expression for (ji)- quasideterminant has form 

(6.13) |A|,, =a,,-A-(A^')-iA^ 

(6.14) |A|,, =a,, - A^?^|A^'| A^ 

Proof. The statement follows from (6.6) and (6.12). □ 

Theorem 6.6. Let 

(6.15) A^^' 0^ 
Then 

(6.16) A-^ = 



1 




Proof It is clear from (6.7) and (6.10) that {A~^)ii = 1 and (^-^)22 = 1- 
However expression for {A~^)2i and {A~^)i2 cannot be defined from (6.8) and 
(6.9) since (021 - 022(012)"^ an)"-^ — (ai2 — 011(021)^^ 022)^^ = 0. We can 
transform these expressions. For instance 

iA^^)2i = (021 - 022(012)"^ flll)"^ 

= {aii{{any^ 012 - (021)^"^ 022))""^ 

= ((021)""^ 011(021(011)""^ ai2 - 022))""^ 



(011(021(011) 012 - 022)) 02 



It follows immediately that (A ^)2i = 0. In the same manner we can find that 
(A-i)i2 = 0. This completes the proof of (6.16). □ 

From the proof of the theorem 6.6 we see that we cannot always use the equation 
(6.6) to find elements of inverse matrix and we need more transformations to solve 
this problem. From the theorem [17J-4.6.3, it follows that if 

^aii ... ai„\ 
rank <?t^ — 2 

\07ii ... afin j 



^[8]-page 4 
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then |A|ij, 1 = 1, n, j ~ 1, n, is not defined. From this, it foUows that 
although quasideterminant is a powerful tool, use of a determinant is a major 
advantage. 

Theorem 6.7. Let matrix A have inverse matrix. Then for any matrices B and 
C equation 

(6.17) B = C 

follows from the equation 

(6.18) BA = CA 

Proof. Equation (6.17) follows from the equation (6.18) if we multiply both parts 
of the equation (6.18) over A~^. □ 

Theorem 6.8. Solution of nonsingular system of linear equations 

(6.19) Ax^b 

is determined uniquely and can he presented in either form"^ 

(6.20) X = A^^b 

(6.21) x^n\A\b 

Proof. Multiplying both sides of equation (6.19) from left by A~^ we get (6.20). 
Using definition 6.4, we get (6.21). Since theorem 6.7 the solution is unique. □ 

7. Correspondence between Row-Column Determinants and 

quasideterminants 

Theorem 7.1. If A £ M(n,H) is an invertihle matrix, then, for arbitrary p,q ~ 1, 
n, we have the following representation of quasideterminant 

(7.1) \A\.pg = ddetA (Lpq)-i = ddetA (cdetq(A*A). q(A*p))-i 

/- „N ddetA — ^- — — J- — ^ 

^ ■.(,dot.(A-A).,(A-,)) 

(7.3) |A|p^ = ddetA (Rpq)"^ = ddetA (rdetp(AA*)p .(A* .))-i 

ddetA 



(7-4) = , , , , , , — -- rdetp(AA*)p (A* ) 

^ ^ n(rdetp(AA*)p.(A*.)) 

Proof. Let A~^ — (bij) be matrix inversed to the matrix A. The equation (6.12) 
reveals the relationship between quasideterminant | A \p_q of matrix A € M(n, H) 
and elements of the inverse matrix A^^ = (bij), namely 

I lp<3~ bqp 

for every p, q — 1, n. At the same time, the theory of row and column determi- 
nants (the theorem 5.33) gives us representation of inverse matrix through its left 
(5.6) and right (5.7) double cofactors. Thus, accordingly, wc obtain 

(75) lAI -b-^-( y^_/ cdet,(A*A).,(Ag y^ 

(7.5) V - (.ddetAj -[ ddetA j ' 



See similar statement in the theorem [7] -1.6.1. 
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(7.6) 



_ / rdctp(AA*)p. 



ddetA 

Since ddctA £ F, then 3(ddctA)"i G F. It follows that 



(7.7) 



(7.8) 



cdetg(A*A)., (A*p) ^ = 



rdctp(AA*)p.(A: 



cdct^(A*A).4A*p) 
n(cdct,(A*A)., (A*p))' 



rdetp(AA* 



n(rdetp(AA*)p. (A*.))' 

Substituting (7.7) into (7.5), and (7.8) into (7.6), we accordingly obtain (7.2) and 
(7.4). 

We proved the theorem. □ 



Equation (7.2) gives an explicit representation of quasideterminant | A |p ^ of 
the matrix A G M(n,EI) for all p, g = l,...,n through the column determinant 
of its corresponding left Hermitian matrix A*A, and (7.4) does through the row 
determinant of its corresponding right Hermitian matrix AA*. 

Example 7.2. Consider a matrix 

A = 

According to (6.13) 
(7.9) \A\ 




0-21 ai2 - aii(a2i) ^ 022 



/ an 


a2i\ 


A*A = 1 


[an 


022) 





an - ai2(a22)" 

^021 - 022(012)"^ an 022 - a2i(aii)"^ ai2 ) 
Our goal is to find this quasideterminant, using the theorem 7.1. It is evident that 

n(aii) + n(a2i) aTrai2 + 0^822 \ 
^anaii + aiJa2i n(ai2) + n(a22)y 
Calculate the necessary determinants 
ddetA = rdeti(A*A) 

= (n(aii) + n(a2i)) • (n(ai2) + n(a22)) 
— (aITai2 + aira22) • (aT2aii +a^a2i) 

= n(aii)n(ai2) + n(aii)n(a22) + n(a2i)n(ai2) + n(a2i)n(a22) 
— aiiai2ai2aii — 011012022021 — 021022012011 — 021022022021 
= n(oii)n(a22) + n(o2i)n(oi2) - (0170120^021 + 011012022021) 
= n(oii)n(a22) + n(o2i)n(oi2) - 1(0770120^021) 



J ^ r K* K\ I * \ / '^Sl O11O12 + O21O22 

cdeti(A*A).i(a*2) = cdeti , ^ , ^ 

\o22 n(ai2) +n(o22)^ 



n(ai2)o2i + n(o22)o2i - 011012022 - O21O22O22 
n(ai2)aiT - a^ai2a^. 



Then 



cdeti(A*A).i(a*2) = n(oi2)a2i - 022012011, 
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ii(cdeti(A*A).i(a*2)) = cdeti(A*A).i(a*2) • cdeti(A*A).i(a*2) 

= (11(012)021 - 022012011) • (n(ai2)air- airoi2aii') 
= n2(oi2)n(a2i) - n(oi2)o2iaTToi2aii' 
-11(012)022012011051 + 022aT20iiairai2o5i' 
= n(oi2)(n(ai2)n(a2i) - t(airai2aii'02i) + n(o2i)n(ai2)) 
= n(oi2)ddetA. 
Following the formula (7.2), we obtain 

ddetA 



IAI21 = 



n(cdeti(A*A) i(a*2)) 
ddetA 



cdeti(A*A).i(a*2) 



(7.10) 



n(oi2)ddetA 



cdcti(A*A).i(a*2) 



n(ai2) 



cdeti(A*A).i(a*2) 



(n(ai2)a2i - 022O12O11) 



n(oi2) 
= 021 - 022(012)^^011. 

The last expression in (7.10) coincides with the expression |A|2i in (7.9). 



□ 
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10. Special Symbols and Notations 



A T minor 2 
As . minor 2 
A' ^ minor 3 
A^ ■ minor 2 

\A\ji (ji)-quasideterminant of matrix A 



A j (b) transformation of matrix 3 
Ai (b) transformation of matrix 3 
\A\ quasidetcrminant of matrix A 16 

cdetj A j'th column determinant of matrix 



A 7 

ddotA double determinant of matrix A 12 



"HA Hadamard inverse of matrix 16 
IH[{a, b) quaternion algebra 5 

Li j left ijth cofactor of entry of matrix 8 
hij left double ijth cofactor of entry of 
matrix 13 

n{x) norm of quaternion x 5 

Rij right ijth cofactor of entry of matrix 8 

M-ij right double ijth cofactor of entry of 
matrix 13 

rdetiA ith row determinant of matrix A 7 

Sn symmetric group 7 
t{x) trace of quaternion x 5 
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CoOTBeTCTBHe MGJKfly 

CTpoHHO-CTOJi6Li;oBBiMH onpe;];ejiHTejiHMH 

H KBa3H/i;eTepMHHaHTaMH 

MaTpHU, HEi^ KBaTepHHOHHoii ajire6poft. 

AjiCKcaHflp KjieiiH and HBan KHpHeii 



Ahhotal(M}I. B pa6oTe paccMaxpHBaiOTCH sjieiueHTbi Teopnii KBasHfleTepMnnaH- 
TOB II ctpomho-ctoji6li,obi>ix onpe/^ejiHTejieii h hx npiiMeHeHHe k pemeHHio ch- 
CTeM jiHHeiiHMx ypaBHenHH b KBaTepHHOHHoii ajire6pe. YcTaHOBjieHO cooTBeT- 
CTBiie MeyKfly CTpo'^iHO-CTOji6i^OBbiMH onpeflejiHTejiHMH h KBasH^eTepMHHaHTa- 
Mii MaTpiiii, na.^ KBaTepHHOHHofi ajire6poH. 
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1. nPEflHCJIOBHE 

JlHHeftHaH ajire6pa sBjiaeTCs MomntiM iiHCTpyMenTOM, KOToptiM mbi nojibsycMCH 
B pasjiHHHbix o6jiacTHx MaTCMaTHKH, BKjiiOTaH MaTeMaTHHecKHH anajiHS, anajiHTH- 
HecKyio H flH4)4)epeHii,Hajii>Hyio reoMCTpHii, TCopHio flHcJscjDepeHiiHajibHbix ypaBHC- 
HHH, TeopHK) OHTHMajiBHoro ynpaBjienHH. JliiHCHHaH ajire6pa naKonnjia 6oraTi>iH 
Ha6op pasjiH^iHbix MCTOflOB. TaK Kax HCKOTopbie MeTO^bi hmciot oGmHii KOHenHbiii 
pesyjiBTaT, sto flaei HaM bosmojkhoctb Biji6paTij HaH6ojiee scJxJjeKTHBHbifi mbto/i, b 
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CooTBercTBHe MeiK^y 

CTpo HHO-CTOji6ixoBbiMH onpeflejiHTejiaMH 

H KBa3HfleTepMHHaHTaMH 

Aiarpim Hafl KBaTepHHOHHoPi ajire6poit. AjieKcaHffp Kjicmh and IlsaH Kiipnea 



ITpH nepexofle ot jiHHeiiHOH ajire6piji na^ nojieM k jinHeflHoii ajire6pe nafl TejiOM 
MM xoTHM coxpaHHTb KaK MOJKHO 6ojii.ine HHCTpyMCHTapHa, KOTopbiM MM pery- 
jiHpHO nojiBsycMCH. YsKe b nanajie XX sexa, BCKope nocjie nocjie cosflanHH Fa- 
MHjiBTOHOM ajire6pbi KBaTepniiOHOB, MaieMaTHKH ciajiH HCKaTb OTBei, KaK BbirjiH- 
;i,iiT ajire6pa c HCKOMMyTaTHBHtiM yMHOJKenHeM. B nacTHOCTH BOSHiiKjia npo6jieMa 
KaK onpeflejiHTb flCTepMHHaHT MaTpHn,bi c sjieMeHTaMH, npiiHafljiejKamiiMii hckom- 
MyTaTHBHOMy KOjibLi,y. TaKoli ;i,eTepMHHaHT TaKJKe nasbiBaroT HeKOMMyTaTHBHbiM 
;i,eTepMHHaHTOM. 

Bo3HHKjio HeMajio noflxoflOB K onpeflejienHio HeKOMMyTaTiiBHoro fleTepMHHaHTa. 

Ho HII OflHH 113 BBefleHHblX HeKOMMyTaTHBHblX fleTCpMIIHaHTOB B HOJIHOH MCpC He 

coxpanaji Te CBOftcTBa, KOTopbiMii oh o6jiaflaji fljia MaipHu; na^ hojibm. Bojiee Toro, 
B pa6oTe [11] ^OKasano, hto ne cymecTByei e^HHoro fleTepMnnaHTHoro (JsyHKiino- 
najia, KOTopbiii 6bi pacmnpHji onpeflejieuHe ^eTepMnnaHTa BcmecTBeHUbix MaxpHii, 
^jiH MaTpnu; Hafl tcjiom KBaTepHHOHOB. HosTOMy noHCKH pemenHH npo6jieMi.i onpe- 
flejieHHH HeKOMMyTaTHBHoro fleTepMiinaHTa npoflOjiJKaiOTCH j\o ciix nop. 

B flaHHOii pa6oTe mbi paccMaTpuBacM jxb'a no^xo^a k onpeflejienHro HeKOMMyia- 
THBHoro flCTepMiiHaHTa: CTpoHHO-CTOJi6ii,OBbie onpe^ejiHTejiH h KBa3H/i,eTepMHHaH- 

TM. 

CTpoHHO-CTOji6D;oBbie onpeflejiHTejiH hbjihiotch pacmnpeHHeM KjiaccHnecKoro onpe- 
;i,ejieHHH fleTepMHuanTa, ho c sapanee onpeflejienHbiM nopa^KOM sjieMeniOB b KajK- 
;i,OM H3 cjiaraeMbix fleTepMHHanTa. Hpn Hcnojib30BaHHii CTpoHHO-CTOji6Li;oBbix onpe- 
;i,ejiHTejieH, mbi nojiynaeM pemeHne CHCTeMbi jinHeftHMx ypaBneHHii nafl KBaxepHH- 
OHHOit ajire6poH corjiacHO npaBHjiy KpaMcpa. 

KsasHfleTepMUHaHT nosBiijica b pe3yjibTaTe anajiiisa npo]j;ecca o6pameHHH MaT- 
pHLi,bi. IlpH HcnojiB30BaHiin KBasHflCTepMiiHaHTa, pemeHiie CHCieMM jinHenHbix ypaB- 
neHHii na/i, KBaTcpHHOHHOH ajire6poH anajiornHHO Mempy Faycca. 

06miiM B onpeflCjieHHH CTpoHHO-CTOji6n,OBbix onpcflejiHTejieii h KBa3HfleTepMH- 
naHTOB sBjiHeTCH, HTO B 060HX cjiynaHx KBa;i,paTHOii Maipime n-ro uopiijxKa, c 

HeKOMMyTaTIIBHblMH SJieMCHTaMH CTaBIITCH B COOTBeTCTBHe He OflHH OHpefle JIHTe JIB , 
a HeKOTOpOe HX MHOJKeCTBO (n^ KBa3HfleTepMHHaHT0B H COOTBeTCTBeHHO 71 CTpOI- 

HBix H n CTOji6n,OBbix onpeflejiHTejieft) . 

KBa3HfleTepMHHaHTBi HainjiH b nocjieflnee BpeMH innpoKoe npHMeneHHe, KaK b 
o6jiacTH JiHHeiiHOH ajire6pbi ([18, 21]), TaK h 4)H3hkh ([12, 13, 20]). CpaBHHTejib- 
HO HeflaBHO BBefleHHbie CTpoHHO-CTOji6n;oBbie onpe;i,ejiHTejiH ([14]) Menee HSBecT- 
Hbi. LI,ejibK) flaHHOii CTaxbH HBjiseTCH ycTaHOBjienne cooTBeTCTBHH Me>Kfly CTponno- 
CTOJi6n,OBMMH onpeflejiHTejiHMH h KBa3HfleTepMHHaHTaMH MaTpnn, nafl KBaTcpHH- 
OHHoit ajire6poii. Abtopm hojihm HaflejK^bi hto ycTanoBjieHHoe cooTBeTCTBHe mo- 
>KeT flaTb o6oro;i,Hoe pasBHine KaK TeopHH KBasH^eTepMnnaHTOB, TaK h CTpo^HO- 
CTOji6n,OBMx onpeflejiHTejieii. 

2. COrJIALUEHHE OB OBOSHAMEHHflX 

CymecTByroT pasjiHHHbie (JaopMbi sanHcn sjieMeniOB MaTpHn,bi. B flannoii ciaibe 
3jieMeHT MaTpHu;bi A mm o6o3HaHaTb a^ . Hpn stom HH^eKC i nyMepyeT CTpoKH, a 
HHfleKC J HyMepyeT ctoji6h,m. 

^jiH o6o3HaHeHHH pasjiHi^HMx MHHopoB MaTpHD;bi A MM 6y/i;eM nojib30BaTbca 
cjieflyromeft aanncbio 

. : CTpoKa c HH^eKCOM i 
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A5 . : MHHOp, nOJiyHeHHblii H3 A Bbl6opOM CXpOK C HHfleKCOM H3 MHOJKeCTBa 

S 

A* ■ : MHHop, nojiyHeHHbiii h3 A yflajieniieM CTpoKH . 
A'^ ■ : MHHop, nojiy^eHHbiii 113 A yflajieniieM cipoK c HHfleKCOM h3 MHOJKe- 
CTBa S 

a. j : CTOji6eLi, c HH/i,eKCOM j 

A. T '• MHHOp, nOJiyHeHHblll H3 A Bbl6opOM CTOJi6iI;OB C HHfleKCOM H3 mho- 

jKecTBa T 

A "* : MHHop, nojiyieHHtm h3 A y;i,ajieHHeM CT0ji6Li;a a. j 
A' : MHHop, nojiyHeHHbiii 113 A y^ajienneM ctoji6ii,ob c nHflCKCOM h3 mho- 
iKecTBa T 

A j (b) : MaTpHii,a, KOTopyio nojiy^HM h3 MaTpHn,bi A saMenoii ee j-ro 

CT0Ji6n,a ctoji6li;om b 
Ai. (b) : MaTpima, KOTopyio nojiyHHM h3 MaTpHn,Bi A saMenoli ee i-ii CTpo- 

KH CTpOKOH b 

PaccMOTpeHHbie o6o3HaHeHiiH MoryT 6biTb CKOM6HHHpoBaHbi. HanpHMep, 3anHCb 

AI!(b) 

03HaHaeT 3aMeHy CTpoKH c HOMepoM k MaTpHi^efi b c nocjieflyiomuM y/iajieniieM 

CTpOKH C HOMepOM i H CT0Jl6LI,a c HOMepOM i. 

KaK OTMenajiocb b pa3;i,ejie [17]-2.2 mbi MO»ceM onpeflejiHTb p^Ba Bii^a npoH3Be- 
^eHHH MaTpHu;: jih6o npoH3BefleHHe CTpoK nepBoii MaTpHLi,bi na CT0ji6D;bi BTopofi, 
jih6o npoH3BefleHHe CTOji6n,OB nepBoii MaTpHD,bi na CTpoKH BTopofi. 0;i,HaKO co- 
rjiacHO TeopeMe [17]-2.2.5 sto npoH3Be;i,eHHe CHMMeTpHHHO OTHOCHTejibHO onepan,HH 

TpaHCnOHHpOBaHHH. IIoSTOMy B CTaTbe Mbl OrpaHHHHMCH Tpa;];HLi;HOHHbIM npoH3Be- 

;i,eHHeM cipoK nepBoii MaTpHLi,bi na CT0ji6Li;bi BTopoii, h mm ne Gy^eM yKa3biBaTb 
HBHO onepaD;iiio xaK sto 6bijio cflejiano b [17]. 

3. nPE/],BAPHTEJTbHbIE 3AMEMAHHH 

Teopnio onpe/i,ejiHTejieii MaTpiiu; c neKOMMyTaTHBHbiMH sjieMeHTaMH, mojkho ycjiOB- 
HO pa3flejiHTb Ha ipii rpynnbi OTHOCHTejibHO MeTOflOB hx onpeflejieHHH. 06o3HaHHM 
Hepe3 M(n, K) KOjibD;o MaTpnii, c sjieMeHTaMH h3 KOjibi^a K. O/ihh h3 cnoco6oB 
onpe/i,ejieHHa; /i,eTepMHHaHTa MaTpHn,bi h3 M(n,K) — cjie/i,yioiLi,HH ([1, 4, 5]). 

Onpe/i;ejieHHe 3.1. IlycTb 4)yHKLi,HOHaji 

d : M (n, K) ^ K 
y^OBjieTBopaeT cjieflyiomHM aKCHOMaM. 

AxcHOMa 1. d (A) = Tor/ja h tojibko Tor^a, Kor^a A - BbipojKfleHHaji 

(HeoGpaTHMaa) . 

AKCHOMa 2. VA, B e M (n, K), d (A • B) = d (A) • d (B). 

AKCHOMa 3. EcjiH Maipima A' nojiynaeTca: 113 MaTpHii,bi A npH6aBjieHHeM 

ee npoH3BOjibHOH cipoKH yMHOJKeHHOii cjieBa c ee ^pyrofi CTpoKoft hjih 

ee npoH3BOjibHoro CTOji6Li,a yMHOJKeHHoro cnpaBa c ee flpyriiM ctoji6d;om, 

Torfla 

d(A') = d(A) 

Torfla 3HaHeHHe 4)yHKri,iiOHajia d Ha3biBaeTca: onpeflejiiiTejieM MaTpimbi A G M (rt, K) . 

□ 
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IIpHMepaMH TaKHx 4)yHKii,HOHajiOB sBjiHiOTCH H3BecTHbie onpeflejiHTejiH ^be- 
flOHHe H CiaflH. B [1] ;i,OKa3aHO, hto onpeflejiiiTejiii, KOToptie yflOBjieTBopaiOT aK- 
CHOMbi 1, 2, 3, npHHHMaiOT CBoe SHa^eHHe b hckotopom KOMMyiaTHBHOM no;i,MHO- 
>KecTBe KOjibi^a. TaKJKe fljiH hiix ne HiviecT CMbicjia Taxoe cbohctbo o6biHHBix onpe- 
;i,ejiHTejieH xax pasjiojKenHe no MHHopaM CTpoKH hjih CT0ji6Li,a. HosTOMy fleiep- 
MHHaHTHoe npeflCTaBjieHHe o6paTHOii MaTpimti c noMomtio tojibko Taxiix onpefle- 
jiiiTejieii HeBOSMOJKHO. Bee sto sBjiHCTea; npHHHHon, KOTopaa saeTaBjiaei bboahtb 
;i,eTepMHHaHTHbie 4)yHKri,iiOHajibi, ne yflOBjieTBopHiomHe bccm BbimenpHBefleHHbiM 
aKCHOMaM. IIpH 3TOM aKenoMa 1 paceMaTpiiBaeTCH b [5] KaK Heo6xoflHMaa fljia 
onpeflejieHHH fleTepMiinaHTa. 

ITpH flpyroM noflxofle onpcflejiHTejiB KBaflpaTHOii MaTpHLi,bi na^ neKOMMyTaTHB- 
HbiM KOjiBLi;oM CTpoiiTeH KaK paii,HOHajibHaH c|)yHKii,Ha OT sjieMBHTOB MaTpHD;bi. Han- 
6ojibmero ycnexa 3flecB floeTnrjiH H. M. FejibcJiaHfl h B. C. PeTax eBoeii Teopiiefi 
KBaaiifleTepMHHaHTOB ([9, 10]). BBe;i,eHHe b TeopHio KBasHfleTepMnnaHTOB 6y^eT 
HSjiojKeHO B pasflejie 6. 

ITpH TpeTbCM noflxofle fleTepMHHanT MaTpHn,bi e neKOMMyTaTHBHbiMH ajieMen- 
TaMii onpeflejiHCTea, KaK ajiBTepHHpoBaHHaa eyMMa ??! npoH3BefleHHit sjieMCHTOB 
MaTpHii,bi, HO e onpeflejieHHbiM 4)HKCHpoBaHHi.iM nopaflKOM MHOJKHTejieii b KasK- 
flOM H3 HHx. E. r. Myp 6biji nepBbiii, kto floeTiir BbinojiHenHH KjiroHeBofl: aKeHOMbi 
1 npH TaKOM onpeflejieHHH neKOMMyTaTHBHoro fleTepMiinaHTa. Myp e^ejiaji sto ne 
fljiH Bcex KBaflpaTHbix MaipHD;, a tojibko fljia spmhtobbix. Oh onpeflejinji fleiep- 

MHHaHT SpMHTOBOii MaTpHII,bI^ A = {aij)nxn Hafl TCJIOM e HHBOJIK)II,HeH HHflyKri,HeH 

no n cjie^yromHM o6pa30M (cm. [5]) 



(3.1) MdetA 



ail, n = 1 

n 

J2 e,ja,jMdet {A{i j)) , n > 1 



1, i = j 

Sflecb Ekj = s ' : a- Hepe3 A(i — > j) o6o3HaHeHa MaTpima, KOTopaa no- 

[ -1, tJ^j 

jiynaeTea h3 MaTpHLi,bi A noejieflOBaTCjiBHtiM npHMeneHneM 3aMeHbi j-ro eT0ji6D;a 
i-M H BbiHcpKHBaHHH i-bix CTpoKH H eT0ji6n;a. JJpyToe OHpeflejienne SToro ;i,eTep- 
MHHaHTa npefleTaBjiCHO b [1] b TepMiinax HO^eTaHOBOK: 

S^ecb Sn - CHMMeTpHHecKaa rpynna n sjieMenxoB. Pa3jiO}KeHHe noflCTanoBKH a b 

U,HKJIbI HMCeT BHfl: 

a = (nil ■ --nuj (7121 . ..11-212) ■ ■ ■ ("n • ..ririj ■ 

O^HaKO, ne cymecTBOBajio HHKaKoro o6o6iLi,eHiiH onpeflCJieHHH ^eTepMnnanTa 
Mypa fljiH npoHSBOJibHbix KBaflpaTHbix MaTpHu;. O. fl^. ^aiicoH OTMC^aji sajKHOCTb 
3T0H aa^aHH b pa6oTe [5] . 



^3pMHTOBa MaTpHi;a - 3to xaKaji MaTpHij,a A = (aij), hto aij = aj 
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B ctetijHx [2, 3] Men Jlonrxyan npefljiojKHji cjie^yiomee onpeflejieHne ^eiepMH- 
HaHTa KBaflpaTHOH MaTpimbi nafl xejiOM KBaTepHiiOHOB A = (aij) G M (n, H): 



det A = e (cr) a„ 

<t6S„ 

cr = {nii2 . . .is) . . . {nrk2 . . . kr) , 
ni > 12, 13, • • • • • ■ ,"r > k2, fcs, • • • , ki, 
n = ni > n2 > ■ ■ ■ > fir > 1. 

HecMOTpH Ha to. hto TaKoii onpe/iejiHTejib ne yflOBjieTBopaeT aKCHOMe 1, JI. Hen 
nojiyHHji flCTepMiiHaHTHoe npeflCTaBjieHHe oSpaTHOfi MaTpimbi. Ho ero onpe^ejiH- 

TejIB TaKJKC HejIbSH paSJIOJKHTB no MHHOpaM CTpOKII HJIH CTOJl6LI,a (sa HCKJIIOT^e- 

HHCM n-H CTpoKii). HosTOMy JI. HeH TaKJKC He nojiyHHji KjiaccinecKyio npnco- 
eflHRCHHyio MaTpHD;y. fljia A ~ {ai, . . . ,am) na/i, TejiOM KBaTepniiOHOB H, ecjiii 
||A|| := dct(A*A) ^ 0, Tor^a BA'^ = {b,k), W 
^ 1 



-ujkj, (j,fc=l,2. 



ujkj = det (ai . . . aj-ianaj+i . . . a„_i(5fe)* (ai . . . aj-iana^+i . . . a„_ia-,) . 
3^ecb ai - i-vL ctojiGcd; A, Sk - n-MepHbiit CT0ji6eri, c 1 b fc-ii CTpoKC h b flpyriix. JI. 
Hen onpeflejiHji ||A|| := det(A*A), xaK abohhoh ^eTepMHHaHT. PemcHHe npaBofl: 
CHCTeMbi jiiiHeftHBix ypaBHeHiiii 



En 
.7 = 1 



■3-^3 



Hafl H, ecjiH ||A|| ^ 0, npeflCTaBjieno cjie^yiomeii 4)opMyjioii, KOTopyio aBTop na- 
sbiBaeT KpaMepoBCKOH 



X 



= ||A|r^D„ Vj = l,n 



r^e 



det 



^3-1 



^n <Xj + i 



Ctn-l 



3flecb ai - i-vL CTOji6eLi; Maipimbi A, a* — i-a CTpoKa MaTpHii;Bi A*. /3* — n-Mepnaa 
BCKTOp-CTpOKa conpajKCHHaH c /?. 

B flaHHOii pa6oTe mbi paccMaipHBaeM TCopHio ctpohhbix h CTOji6i];oBbix onpefle- 
jiHTejieii, KOTopaa pasBHBacT KjiaccHHecKHit no;i,xo;i, k onpe^ejienHK) flCTepMHHaHTa 
MaTpHii;bi, HO c sapanee onpeflejienHtiM nopaflKOM MHOJKHTejieii b KajKflOM h3 cjia- 
racMbix flCTepMHHaHTa. 
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4. KBATEPHHOHHAH AJirEBPA 

KsaTepHHOHHaH ajire6pa H(a, h) (ona laKace o6o3HaHaeTCH KaK ^^^^ ) 

- 3T0 HCTbipexMepHoe seKTopHoe npocTpancTBO na^ nojieM F c 6a3HCOM {1, i, j, k} 
H cjieflyiomHMH npaBHjiaMH yMHOJKenHa: 





a, 


p = 




ij = 


k, 


ji = - 


-k 



Ilojie F HBjiaeTCH n,eHTpoM KBaTepHHOHHOii ajireGpti IHI(a, b). 
B ajire6pe ]HI(a, b) onpe/i,ejieHbi cjieflyiomHe OTo6paiKeHHH. 

• KBaflpaTHHHaa 4)opMa 

n : a; e H ^ n(a;) £ F 

TaKaa hto 

n{x ■ y) ~ n(a;)n(y) a:, y G H 
HasbiBacTCH HopMoii b KBaTepHHOHHofi ajire6pe H. 

• JiHHeHHoe OTo6pa»:eHiie 

t:x = x° + x^i + x^j + x^keM^ i{x) = 2x" e F 
HasbiBacTca cjie/i,OM KBaxepHHOHa. Cjiefl yflOBjieTBopaeT ycjioBHio ne- 

peCTaHOBOHHOCTH CJiep^SL 

t{q-p) ^t{p-q) 
Ha TeopeMbi [17]-10.3.3 cjie^yeT 

(4.1) t{x) = —{x — ixi — jxj — kxk) 

• JIiiHeiiHoe OTo6paiKeHHe 

(4.2) .T ^ X = t{x) - X 

HBjiaeTCH HHBOJiioii,HeH. Hhbojiioli,hh HMeeT cjieflyiomHe CBOficTBa 

X = X 



X + y = X + y 



X ■ y = y ■ X 

IIpH 3TOM KBaTepHHOH X 6yfleM HasbiBaTb conpH:»ceHHbiM k KBaTepHH- 
OHy X £M. HopMa h hhbojiiod;hh y/i,OBjieTBopHiOT cjie^yiomeMy ycjiOBiiio 

n (q) = n{q) 

Cjie/i, H HHBOjiion,Ha y;];0BjieTBopsiOT cjieflyiomeMy ycjiOBHKD 

t {x) ^ t{x) 
Ha paBCHCTB (4.1), (4.2) cjie^yeT 

X = —-{x + ixi + jxj + kxk) 
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CooTBercTBHe Me^Kfly 
CTpoHHO-CTOji6n,OBbiMii onpe/^ejiHTejiaMH 
II KBasHfleTepMimaHTaMH 

AjieKcaHflp Kjieau and Msafr Kiipnea Marpim Hafl KBaTepniiOHHoa ajire6poit. 

B saBHCiiMOCTH OT Bi>i6opa nojiH F ii sjieMCHTOB a, 6 he MHOJKecTBe Bcex KBaxep- 
HHOHHbix ajire6p BOSMOJKHbi flBa cjiynaa: [19]: 

1. I j HBjiaeTCH ajireopoH c flejienneM. 

2. ^^^^ H30Mop4)Ha ajire6pe Bcex 2x2 MaTpnu; nafl nojiCM F. B stom cjiynae 

KBaTepHHOHHas ajire6pa - pacmenjiHCMaa:. 

PaccMOTpHM HCKOTopbie He H30Mop4)Hijie KBaTepHHOHHbie ajireSpbi c ^ejieHHeM. 

1. ( ), rfle R - none fleficTBHTejibHbix HHceji, H30Mop(|)Ha KjiacciinecKOMy 



Tejiy KBETepHHOHOB H, Korfla a<0ii6<0. B npoTHBHOM cjiy^ae, [ — ^ 
pacmenjiHCMaH . 

2. Ha^ nojieM pai^noHajibHtix ^uiceji Q cymecTByex 6ecKOHeHHO MHoro ne h30- 
Mop4)Hbix KBaTepHHOHHbix ajircGp c flejiCHHeM ^"^^ ^ saBiiCHMOCTH OT Bbi6opa 
a < H 6 < 0. 

3. IlycTb Qp - nojie p-aflHHHHx hhccji, rpfi p - npocToe hhcjio. Ajih KajKfloro 
npocToro Hiicjia p cymecTByeT eflHHCTBCHHaH KBaTepHHOHHaa ajire6pa c ;i,ejieHHeM. 

5. BBEflEHHE B TEOPHK) CTPOHHblX H CTOJTBLl,OBbIX OnPEflEJTMTEJIEH 

CTpoHHbie H CTOji6Li,OBbie onpeflejiHTejiH bbo;i,htch fljisi MaTpnu, na;; KBaxepHH- 
OHHOH ajire6poH H. Cjie^yiomHe onpeflejieHHa b TeopnH noflCTanoBOK HeoGxo^HMbi 
HEM fijisi BBefleHHH CTpoHHO-CTOJi6n,OBbix onpeflejiHTejieii. 

Onpe/i;ejieHHe 5.1. IlycTb Sn - CHMMeTpHnecKaa rpynna na MHOscecTBe /„ = 
{l,2,...,n} ([6], c. 70, ynpajKHeHHH 9, 10). By;i,eM roBopHTb, hto noflCTanoBKa 
cr e Sn o6pa3yeT npjiMoe npoH3BefleHHe He3aBiiCHMbix i];hkjiob, ecjin ee sanncB b 
o6biHHOH flByxpHflHoii 4)opMe cooTBeTCTBycT ee pa3jiO}KeHHio b He3aBHCHMijie li;hk- 
jibi 



(5.1) 



nil "12 ■ • ■ "Ih • ■ • n-ri nr2 
,"12 "13 ■•■ "11 •■• "r-2 "r3 



□ 



Onpe/i;ejieHHe 5.2. By^eM roBopiiTB, hto npeflCTaBjiemie (5.1) noflCTanoBKH a 

npOH3BefleHHeM He3aBHCHMbIX I1,HKJI0B HBJIHeTCH ynOpHflOMGHHIjIM CJIGBa, ecjiH 

3jieMeHTM, KOTopbie 3aMbiKaiOT KajKflbifi h3 ee He3aBHCHMbix ii,iikjiob, samicbiBaiOT- 
ca nepBbiMH cjieBa b Ka^KflOM h3 ii,hkjiob 

cr = ("11"12 . . -"izj ("21"22 ■ • ■ "2/2 ) • • ■ ("rl"r2 ■ • ■ "W J ■ 

□ 

Onpe/i;ejieHHe 5.3. By^eM roBopiiTb, hto npeflCTaBjiemie (5.1) noflCTanoBKH a 
npoH3BefleHHeM He3aBHCHMbix n,HKjiOB HBjiaeTCH ynopHflOHeHHbiM cnpasa, ecjiH 
sjieMeHTbi, KOTopbie 3aMbiKaiOT KasKflbiii 113 ee He3aBHCHMbix ii,iikjiob, saniicbiBaiOT- 
CH nepBbiMH cnpaBa b KajKflOM h3 ii,hkjiob 

cr = (ni2 . ..nu^nii) (7122 . • ."2/2"2l) • • ■ ("r2 ■ ■■riri^nri) . 

□ 
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CooTBercTBHe MeiK^y 

CTpo HHO-CTOji6ixoBbiMH onpeflejiHTejiaMH 

H KBa3HfleTepMHHaHTaMH 

Aiarpim Ha/i KBaTepHHOHHoPi ajire6poit. 



AjieKcaHffp KjieiiH and IlsaH Kiipnea 



Onpe/i;ejieHHe 5.4. IlycTb Sn - CHMMeTpH^ecKaH rpynna he MHOJKecTBe /„ = 
{1, 2, 7i}. IlycTb i G 1, n. CTpoHHbiM onpe/i;ejiHTejieM no i-Vi CTpoKe MaTpHn,bi 
A = {aij) G M (n,H) 6yfleM HasbiBaTb BMpa,>KeHHe 

rdeti A = ^ ^ (~1) ^Hki^ikiiki+l ■ ■ -^iki+lii ■ ■ ■ '^ikrik^+l ■ ■ ■ '^ik^ + l^'i-kr 
<tGS„ 

3to Bbipa»ceHHe HBjiaeTCH ajibTepHHpoBaHHOii cyMMOit n! mohomob. cocTaBjienHbix 

us SJieMBHTOB MaTpHn,bI A, B Ka>KflOM H3 KOTOpblX nO;i,CTaHOBKa a e Sn IIHfleKCOB 

o6pa3yeT npsMoe npoiiSBeflCHHe nesaBiiCHMbix ii,hkjiob 

B ynopsflOHCHHOM cjiesa pasjiojKenHH noflCTanoBKH a nepBbiii cjieBa n,HKji nanHHa- 
eTCH cjiesa hh/^ckcom i, a Bce cjieflyiomHe ii,hkjii>i y^OBjieTBopaiOT ycjiOBiiHM: 

ik2 < iks < ■ ■ ■ < ik,, ikt<ikt+s, (yt^2~f), (Vs = l,lt). 

□ 

Onpe/i;ejieHHe 5.5. ITycTb Sn - CHMMCTpHHecKaa rpynna na MnojKecTBe J„ = 
{l,2,...,n}. IlycTb j G CTOJi6Li,OBbiM onpe^ejiHTejieM no j-My CTOji6n,y 

MaTpHu,bi A = iflij) G M (n,]HI) 6y;i,eM nasbiBaTb BbipajKenne 

Cdetj A = '^jkrJkr+l,- ■ ■ ■'^ikr + likr ■ ■ -^Jjki+li ■ ■ -^jki+ljki^jkij- 

3to BbipajKenne HBjiaeTca; ajibTepHnpoBanHon cyMMoli n! mohomob. cocTaBjiennbix 

H3 SJieMCHTOB MaTpHD^bl A, B KaJKflOM H3 KOTOpblX nOflCTaHOBKa T G Sn HnflCKCOB 

oGpasyeT npjiMoe nponsBeflenne nesaBHCHMbix n,HKjiOB 

B ynopH^onennoM cnpaBa pasjiOiKennn noflCTanoBKH t nepBbiii cnpaBa n;nKji nann- 
nacTCH cnpaBa nn^eKCOM j , a Bce cjieflyioni,He n^HKjibi yflOBjieTBopaiOT ycjiosnsM: 

jk2 < jk3 < ■ ■ ■ < jkr , ikt < jkt+s, {yt = 2~r) , (Vs = 1, /t) . 

□ 

SaMenaHue 5.6. OcoSennocTbio CTOji6u,OBbix onpeflejiHTejien sBjiHeTca: to, hto npn 
HenocpeflCTBennoM nx BbinHCjiennn MnoHCHTejin nax^oro h3 mohomob sannctiBa- 
lOTCH cnpaBa najieso. □ 

B jiCMMax 5.7 H 5.8 paccMOTpeno pcKyppenTHoe onpeflejienne CTOji5n,OBHx n 
CTpoHHbix onpe;i,ejiHTejieH. 3to onpeflcjienne hbjihctch anajioroM pasjiosKenna onpe- 
^ejiHTCjiH no CTpoKaM n CT0Ji6n;aM b KOMMyTaTHsnoM cjiy^ae. 

JleMMa 5.7. IlycTb Rij - npasoe ajire6paHHecKoe /i;onojiHeHHe sjiCMCHTa aij 
MaTpHn,bi A = (oij) G M (n, H), a hmchho 

n 

rdeti A = ^ aij • Rjj i ~l,n 
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CooTBercTBHe Me^Kfly 
CTpoHHO-CTOji6n,OBbiMii onpe/^ejiHTejiaMH 
II KBasHfleTepMimaHTaMH 

AjieKcaHflp Kjieau and Msafr Kiipnea Marpim Hafl KBaTepniiOHHoa ajire6poit. 
Tor^a 

Rij = 




k = 

rfle MaTpHii,a (A" (a. i)) nojiynaeTCH h3 A nocjieflOBaTejitHtiM npHMeneHHeM saMe- 
Hbi j-vo CTOji6n,a i-M h BbinepKHBaHHa i-x CTpoKH n CTOji6ii,a. □ 

JIcMMa 5.8. IlycTb Ltj - jieBoe ajire6paHHecKoe flonojineHHe sjieMCHTa a^j 

MaTpHH,BI A = (fly) S M (n, H), a HMeHHO 

n 

cdetj A = ^ Lij • aij j = l,n 

i=l 



Torfla 



-cdct, (Af (a,.)) iy^j 
cdctfe A^^ i ~ j 



rfle MaTpHD,a (A^''(aj .)) nojiy^aeTCH h3 A HOCJieflOBaTejibHbiM npHMeneHHeM saMe- 

Hbl Z-H CTpOKH j-it H BblHepKHBaHHH j-X CTpOKH H CTOJl6n,a. □ 

SaMeuanue 5.9. OHeBHflno, hto KajKflOMy MonoMy jnoGoro onpeflejiennoro Bbiine 
^eTepMHHanTa KBaflpaTHOii MaTpHn,bi OTBenaeT mohom jiioGoro flpyroro fleiepMH- 
HaHTa, CTpoHHoro hjih CTOji6n;oBoro, TaKOii, hto o6a ohh HMeiOT o;i,HHaKOBbiH snaK, 

COCTOHT H3 OflHHX H TeX >Ke MHO>KHTejieH, - SJieMeHTOB MaTpHU,!)!, H OTJIHHaiOTCH 

TOJiBKO nopH;i,KOM Hx pa3Men],eHHH. KpoMe Toro, ecjiH sjieMenTbi MaTpHH,bi KOMMy- 
THpyiOT, TO rdeti A = . . . = rdet„A = cdeti A = . . . = cdct„A. □ 

PaCCMOTpHM OCHOBHbie CBOHCTBa CTpOHHOrO H CTOJl6D;OBOrO fleTepMHHaHTa Hpo- 

HSBOJibHoii KBaflpaTHOH MaTpHn;iji nafl TejiOM H, ^OKa3aTejibCTBa KOToptix neno- 
cpeflCTBeHHO cjieflyiOT h3 OHpeflejienHft. 

TeopeMa 5.10. Ecau odna U3 cmpoK (cmoA6ii,oe) Mampuv,u A G M (n,IHI) cocmo- 
um U3 Honeu, mozda Oam ecex i ~ \,n 

rdeti A = 0, cdct; A = 0. 

TeopeMa 5.11. Ecau i-M cmpoKa Mampuiifii A = (a.y) G M(7i,H) yMHOOfcaemcji 
cjieea na jimOoe 6 G H, moeda Baji ecex i ^ l,n 

rdeti A,; . (6 • a. i) = 6 • rdet^ A. 

TeopeMa 5.12. EcAuj-u cmoA6eii, MampuvfiL A. — {aij) G M(n,]HI) yMHocucaemcJi 
cnpaea na Am6oe G H, mozda Sasi ecex j ~ l,n 

cdetj A j(aj . ■ b) ~ cdetj A ■ b. 
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CooTBercTBHe MeiK^y 

CTpo HHO-CTOji6ixoBbiMH onpeflejiHTejiaMH 

H KBa3HfleTepMHHaHTaMH 

Aiarpim Ha/i KBaTepHHOHHoPi ajire6poit. AjieKcaHffp KjieiiH and IlsaH Kiipnea 

TeopeMa 5.13. Ecau Saji A = (oy) € M(n,H) naudemcH maKoe k G In, ^fno 
akj ~ bj + Cj dAJi ecex j = 1, n, moeda dAJi Am6ozo i ~ 1, n 

rdeti A = rdet^ A^ (b) + rdct^ A^ (c) , 
cdeti A = cdeti A^. (b) + cdct^ A^. (c) . 

zde b = (fei,...,6„), c = (ci,...,c„). 

TeopeMa 5.14. Ecau Saji A = (a.y) G M(n,H) Haudemcn maKoe k G /„, umo 
a-ik = bi + Ci Bam ecex i ~ \,n, mozda Bam Am6ozo j = l^n 

rdetj A = rdetj A. k (b) + idetj A. k (c) , 
cdetj A = cdetj A. k (b) + cdetj A. k (c) . 

sde b = (fei,...,fo„)^, c = (ci, . . . ,c„)^. 

TeopeMa 5.15. nycmb A* - Mampwua, spMumoeo conpmtccHHafi k A G M (n, H), 
mozda rdet j A* = cdetj A Basi awBozo i ~ 1,ti. □ 

Cjieflyiomaa TeopeMa HMeeT KjiiOHeBoe swenemie b leopHH CTpoHHbix h ctoji6- 
li;obijIx onpeflejiHTejieii. 

TeopeMa 5.16. Ecau A = (aij) G M(n,]HI) - spMumoeasi Mampuv,a, mozda 
rdetiA = . . . = rdct„A = cdctiA = . . . = cdct„A G F. 

□ 

SaMCHanue 5.17. IlocKOjibKy Bce CTOji6n,OBbie h CTpoHHbie onpeflejiHTejin spMHTO- 
Boii MaTpHii,bi Hafl lejiOM H paBHbi MejKfly co6oh, to mbi MOJKeM oflHOsnaHHO bbbcth 
noHHTHe onpeflejiiiTejiH spmhtoboh MaTppmbi A G M (n,H): 

det A := rdet; A = cdet.; A, (Vi = 1, n) . 

□ 

SaMCuaHue 5.18. IIpeflCTaBjiHH fleTepMHHanT spMHTOBOii Maiprnxm KaK ctpohhbiii 
onpe/i,ejiHTejib no npoHSBOjiBHOii i-ii CTpoxe no jieMMe 5.7 iiMeeM 

= - E • I'dctj (A*j(a. i)) + an ■ rdetfe A" 

crGS„ 

(5.2) 




CpaBHHBaH BbipajKemiH (3.1) ii (5.2) ^jih spmhtoboh Maipimbi A G M(n,H), c 
OHeBHflHOCTbio nojiy^aeM, hto BBefleHUbiii ctpohhbih onpe^ejiHTejib fljiH spMiiTO- 
Boii MaTpimiji coBnaflaeT c fleTepMnnaHTOM Mypa, a CTponnbie h CTOji6ii,OBbie onpe- 
;i,ejiHTejiH fljiH npoHSBOjibUbix MaTpiin, hbjihiotch ero o6o6iii,eHHeM na MHOJKecTBe 
npoiiSBOjiBHbix KBaflpaTHbix MaTpmi,. □ 

CBOfiCTBa onpeflejiHTejiH spmhtoboii MaTpimti hojihoctbio paccMaTpuBaiOTca b 
[14] nocpeflCTBOM ee CTpoHHbix h CTOji6n,OBbix onpeflejiHTejieii. Cpe^n Bcex pac- 
CMOTpHM cjieflyiomne. 

TeopeMa 5.19. Ecau i-to cmpoKy DpMumoeou Mampuufii A G M (n, H) saMCHumb 
Aceou AUHCUHOu K0M6uHav,ueu dpyzux ee cmpoK 

ai . = cia^j .+... + Cka,^ . 
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CooTBercTBHe Me^Kfly 
CTpoHHO-CTOji6n,OBbiMii onpe/^ejiHTejiaMH 
II KBasHfleTepMimaHTaMH 

AjieKcaHflp KjieaH and llBau Kapnea Marpim Hafl KBaTepniiOHHoa ajire6poit. 



zde Q G H Sasi ecex I ~ l,k u {i,ii} d /„, mozda Baji ecex i ~ l,n 

cdetj Aj . (ci • a^j . + ... + Cfc • a^j^ .) = rdet^Ai . (ci • a^^ . + ... + Cfe • a^^^ .) = 0. 



□ 



TeopeMa 5.20. Ecau j-u cmoA6ev, spMumoeou Mampuv,u A G M (n, H) 3aMeHumt> 
npaeou auhcuhou K0M6uHav,ueu dpyzux ee cmoA6v,oe 



gde c; G IHI dAM ecex I 
cdetjA. j (a. ■ ci -} 



l,k u {j,ji} C Jn , mozda Saji ecex j = l,n 



■ 3k 



■ Ck) ^ rdetjA.j (a.^-^ • ci 



■3k 



Ck) = 0. 



□ 



CjieflyiomaH TeopeMa o fleTepMHHaHTHOM npeflCTaejienHH MaTpHLi,bi o6paTHOH k 
apMHTOBOH HenocpeflCTBeHHO cjieflyeT h3 sthx cbohctb. 

TeopeMa 5.21. /Jam 3pMumoeou HeeupooHzdcHHOu MampuvfiL A G M(n,EI), ( 
det A ^ Q), cymecmeyem eduHcmeemaji npaeasi {RA)~^ u eduHcmecHHasi ac- 
eaji o6pamHaH Mampwua {LA) , npu smoM {RAy = (LA)-' =: A-\ Komopue 
o6Aadamm CAedymm,UMU demepMUHaHmHUMU npedcmaeACHUfiMu: 







fRii 


R2I 


Rnl\ 


{RA)-'^ 


1 


Rl2 


R22 


Rn2 


dot A 












\Rln 


R2n 


Rnn / 






/ill 


L2I 


Lnl\ 


{LA)-' = 


1 


Ll2 


L22 


Ln2 


det A 














L2n 





3dect> Rij, Lij neAsimmcsi coomeemcmeeHHO AceuM u npaeuM aAzcBpauuecKUMU 



donoAHCHUfiMU dAM ecex i,j ~ 1, n. 



□ 



^jiH Toro. HToSbi nojiyHHTb fleTepMHHaHTHoe npe^CTaBjieHHe ^jih npoHSBOjiBHoft 
o6paTHOH MaTpimbi Hafl lejiOM H paccMaTpHBaiOTca: ee npaBaa A A* h jieBaa: A* A 

COOTBeTCTBeHHbie SpMHTOBbie MaTpHII,i.I. 

TeopeMa 5.22 ([14]). Ecau npouaeoAtHuu cmoA6e'n Mampuv,u A G H™^" Jie- 
AJiemcM npaeou AuneuHou K0M6uHav,ueu ee dpyzux cmoA6ti,06, uau npouaeoAtnasi 
cmpoKa MamputifiL A* MeAJiemcM Aceou AuneuHou K0M6uHau,ueu ee dpyaux cmpoK, 
mozda det A* A = 0. □ 

IIocKOJibKy rjiaBHa,H no^MaTpHLi,a spmhtoboh MaTpHLi,bi apMHTOBa, to rjiaBHbiit 
6a3HCHbiH MHHop MO>KeT 6ijiTb onpeflBjieH no anajiorHH c KOMMyTaTHBHbiM cjiynaeM, 
KaK HenyjieBoii onpeflejiiiTejib ee rjiaBHOii no^MaTpimbi MaKCHMajibHoro nopHflKa. 
TaK>Ke BBo;],HM noHHTHC panra spmhtoboh MaTpHii,ti no rjiasHbiM MHHopaM, 
KaK MaKCHMajibHbiii nopaflOK OTjinnnoro ot nyjiH rjiaBHoro MHHopa. CjieflyiomaH 
TeopeMa ycTanaBjiiiBaeT cooTBeTCTBHe MesKfly hhm h panroM MaTpHLi,bi onpeflejien- 
HbiM KaK MaKCHMajibHoe KOjiHHecTBO jiHHeiiHO HeaaBHCHMbix CT0ji6u,0B cnpaBa hjih 
jiHHeftHO HesaBHCHMbix CTpoK cjieBa, KOTopbie II o6pa3yiOT 6a3iic. 



11 



CooTBercTBHe MeiK^y 

CTpo HHO-CTOji6ixoBbiMH onpeflejiHTejiaMH 

H KBaaiifleTepMHHaHTaMH 

Aiarpim Hafl KBaTepHHOHHoPi ajire6poit. 



AjieKcaHffp KjieiiH and IlsaH Kiipnea 



TeopeMa 5.23 ([14]). Pam no znaenuM MunopaM spMumoeou Mampuv,u A*A 
paeHHemcsi ee pamy, a maKJtce pamy Mampuv,u A e H"'^". □ 

TeopeMa 5.24 ([14]). Ecau A G H™'^", mozda npouaeontiHuu cmoA6ev, Mam- 
puvfii A sieAfiemcsi npaeou MuneuHou K0M6uHav,ueu ee 6a3UCHUx cmoA6v,oe uau 
npouaeoAtnasi cmpoKa Mampuv,u A MSMJiemcM Aeeou AuneuHou KOMBuHai^ueil ee 
6a3ucHux cmpoK. □ 

OTCK)/i;a cjieflyeT KpHTepiiii BtipojKfleHHOCTH cooTBeTCTBeHHOfl: spmhtoboh met- 
Phd,IjI. 

TeopeMa 5.25 ([14[). Upaeasi MuneuHaji HeaaeucuMocmb cmoA6u,06 MampuvfiL 
A G M'"^" UAU Aeeaji AuneuHaji HesaeucuMocmb cmpoK Mampuvfii A* sieAfiemcsi 
Heo6xoduMUM u docmamoHHUM ycAoeueM mozo, umo 

det A*A 7^ 



TeopeMa 5.26 ([14[). Ecau A G M (n,] 
IIpHMep 5.27. PaccMOTpiiM Maipimy 



zda det A A* = det A* A. 



□ 



Torfla 



CoOTBeTCTBeHHO 



A = 



A* 




AA* 




012012 
022012 



011021 
0210^1 



012022 \ 
O22O22 / 



_ /oiiaii + 021021 Oiiai2 + 021022 ^ 

\aT2a11 + aii'a2i aliai2 + 0^^022 J 
HtoSijI on,eHHTb fleTepMHuaHTbi nojiyHenHbix spmhtobbix MaipHLi;, paccMOTpHM na- 
npHMep nepBMii CTpo^^HBiii onpeflejinTejib Kax^ppvi MaTpniibi. CorjiacHO xeopeMe 
5.16 H saMenaHHio 5.17 



det AA* = rdetiAA* 
det A* A = rdctiA* A 
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AjieKcaHflp Kjieau and HaaH Kapnea 



CooTBercTBHe Me^Kfly 
CTpoHHO-CTOji6n,OBbiMii onpe/^ejiHTejiaMH 
II KBasHfleTepMimaHTaMH 
Marpim Hafl KBaTepniiOHHoa ajire6poit. 



CorjiacHO jiCMMe 5.7 

det AA* = (AA*)ii(AA*)22 - (AA*)i2(AA*)2i 
= (aiiaTT + 012012) (021021 + 022aii') 

— (oiioiT + oi2a5i')(a2iair + 022ali') 
= aiiaTra2ia^+ 012017021021 

(5.3) +011011022022 + 012O12O22022 

~0iia2i02i0ii — 012022021011 

~Oiia2l0220i2 — O12O22O22O12 
= O12O12O21O21 + Oiiaiia22022 

— O12O22O21O11 — Oiia2i0220i2 

det A*A = (A*A)ii(A*A)22 - (A*A)i2(A*A)2i 
= (oTTaii +057021) (012012 +022022) 
-(aTToi2 + 021022) (012011 + aii'a2i) 
= oTroiianai2 + 071021017012 

(5.4) +011011057022+057021077022 

— 011O12O12O11 — 021O22O12O11 
— 011O12O22O21 — 021O22O22O21 
= 077021017012 + oiroiia77o22 
— 021O22O12O11 — 011O12O22O21 

nojiojKHTejiBHBie cjiaraeMbie b paBCHCTBax (5.3), (5.4) hbjihiotch ^elicTBHTejibHbiMii 

HHCJiaMH H, OieBHflHO, COBHaflaiOT. Hto6i>I flOKaSaTb paBCHCTBO 

(5.5) 01205502101! + 011057022075 = 057022077011 + a77oi2o55o2i 

HcnojibsyeM cbohctbo nepecTanoBOHHOCTii cjie^a sjieMeHTOB KBaTepHHOHHOii ajire6- 
pbi, t(pq) — t(qp). /tefiCTBHTejiBHO, 

012057021077 + 011077022077 = 012077021077 + 012077021077 ^ t(oi2a77o2ia77), 

077022077011 +077012077021 = 577012077021 + a77oi2o77o2i = t(a77oi2a77o2i) 
Torfla H3 CBOHCTBa nepecTanoBOHHOCTH cjie^a, cjie^yeT (5.5). □ 

Ha ocHOBaHHH TeopcMbi 5.26 bbo^htch noHHTHe ^BOiiHoro onpe/i,ejiiiTejiH. Bnep- 
Bbie 3TO noHSTiie 6bijio BBe^eHO JI. Hchom ([2]). 

Onpe/i,ejieHHe 5.28. Onpe/i,ejiiiTejib spMHTOBOii MaTpHLi;i>i AA* nasbiBaeTCH flBofi- 
HMM onpeflejiHTejieM MaTpHii;bi A G M {n, H) 

ddctA := dct (A* A) = dot (AA*) 

□ 

B cnynae ecjiH H - Kjiacciii^ecKoe Tejio KBaTepunoHOB H nafl nojiCM fleiiCTBHTejib- 
Hbix HHceji, Torfla HMeeT MecTO leopeMa, KOTopaa ycTanaBjiiiBaeT cnpaBefljiiiBOCTb 
Akchombi 1 fljiH flBOHHoro onpeflejiHTejiH. 

TeopeMa 5.29. Ecau {A, B} C M (n, H), mozda ddet (A • B) = ddetA • ddetB. 

□ 
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CooTBercTBHe MeiK^y 

CTpo HHO-CTOji6ixoBbiMH onpeflejiHTejiaMH 

H KBa3HfleTepMHHaHTaMH 

Aiarpim Hafl KBaTepHHOHHoPi ajire6poit. AjieKcaHffp Kjicmh and IlsaH Kiipnea 



B oGmeM cjiyi^ae ne cymecTByeT BsaHMOCBHseii MejKfly BbipojKfleHHOCTbio ;i,Bofi- 
Horo onpeflejiHTCjiH MRTpimbi h ee ctpohhhmh h CTOji6D,OBbiMH onpeflejiHTejiHMH. 
Hpo^eMOHCTpHpyeM sto b cjie^yiomeM npHMepe. 

IIpHMep 5.30. PaccMOTpHM MaTpHD;y 

A = 

Ee BTopaa CTpoxa nojiyHena h3 nepBoii yMHOJKenHeM cjieBa na k. Tor^a corjiacHO 
TeopcMe 5.25 ddetA = 0. fleiicTBHTejiBHO, 




A*A 



-] 



] 




y-j « / \j -\ 

Torfla ddetA = 4 + 4fc2 = 0, ho 

cdeti^ = cdet2^ = rdeti^ = rdet2^ = -i^ - f = 2 
B TO }Ke BpeMH rankA = 1, hto cooTBeiCTByeT TeopeMe 5.23. 

YcTaHOBJieHO COOTBeTCTBHe MCJKfly flBOHHbIM OnpeflejIHTCJieM H HeKOMMyTaTHB 

HbiMH onpeflejiHTejiHMH Mypa, CiaflH h /JbCflOHHe, 

ddctA = Mdet (A* A) = SdetA = Ddct^A 
Onpe/i;ejieHHe 5.31. IlycTb 



□ 



ddctA = cdctj (A* A) = L 



V 7 = l,n 



Torfla 6yfleM HasbiBaTb 
ajiCMCHTa aij MaTpiin,bi A G M (n, H) 

Onpe/i,ejieHHe 5.32. IlycTb 



jj .neBbiM flBOHHMM ajire6paHHecKHM /i,onojiHeHHeM 

□ 



ddetA = rdet,; (AA*) = ^ < 



Vi = 1 , n 



Torfla SyfleM HasMBaTb 



npaBbiM flBOHHMM ajire6paHHecKHM ^onojine- 



HHEM sjieMeHTa aij MaTpHLi;bi A G M (n, H) 



□ 



TeopeMa 5.33. Heo6xoduMUM u docmamoHHUM ycAoeueM o6pamuMocmu Mampu- 
A = {aij) G M(n,H) MOAsiemcsi ddctA ^ 0. Tozda 3A^^ = {LAy^ = {RAy^ , 



(5.6) 



{LAy^ = {A*Ay^ A* = 



1 



ddctA 



Ll2 



IL21 
IL22 



IL,i2 



(5.7) (i?A)" = A*(AA*)" 



L,; 



1 



ddctA* 



■ 11 

■ 12 



Vi 



■ 21 
22 



■ 2ri 



nl 
■ )i2 



cdct,(A*A).,(A*J, 



rdet,(AA*), (A* ) , (V^, j = 1, 1 



□ 
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Cjie/];cTBHe 5.34. nycmt> ddetA 7^ 0. Tozda 



□ 



SaMeuaHue 5.35. TeopeMa 5.33 npeflCTaBjiHCT o6paTHyio MaTpHD;y npoHSBOjib- 
HOH KBaflpaTHoii MaTpHn,bi A S M(n, H), ecjiH ddetA 7^ 0, Hepes anajior KjiaccHne- 
CKoii npHCoeflHHeHHOii. Ecjih mm oSosnanHM ee Adj[[A]], Tor;i,a na^ tcjiom H HMeeT 
MecTO cjieflyKjmaH 4)opMyjia: 

Adj[[A]] 



A-^ = 



ddetA 

□ 



OHeBHflHbiM cjieflCTBHeM fleTepMHHaHTHoro npeflCTaBjieHHH o6paTHOH MaTpHii,bi 
i^epes anajior KjiaccHHecKoii npHCoeflHHeHHOii MaTpHD,M HBjiaeTca npaBHjio KpaMe- 
pa. 

TeopeMa 5.36. Ilycm-b 

(5.8) A.x = y 

npaeaR cucmcMa auhciIhux ypaeneHuu c Mampuv,eu KoacpcpwuueHmoe A S M(n, H), 
cmoJiSv^oM c3o6odHux SAeMeHmoe y = (j/i, . . . , j/n)"^ g H"^-'^ u cmoji6'u,OM, neua- 
eecruHux x = (xi, . . . , x„) . Ecau ddetA 7^ 0, mozda cucmeMa auhcuhux ypaene- 
Huu (5.8) UMeem eduHcmeeHHoe pemenue, Komopoe npedcmaenfiemcsi cfjopMyMou: 

(5.9) cdet,(A*A).,-(f) _ 

ddetA 

ede f = A*y- □ 
TeopeMa 5.37. Uycmh 

(5.10) x-A = y 

- Aeeaji cucmeMa auhcuhux ypaeneHuu c Mampuu,eu Koacfjcfju'nueHmoe A G M{n, H), 
cmpoKou ceo6odHux SAeMCHmoe y = (yi, . . . ,yn) S H^^" u cmpoKou Heuaeecmnux 
X = (xi, . . . ,Xn)- EcAU ddetA 7^ 0, mosda cucmeMa auhcuhux ypaencHuu (5.10) 
UMcem eduHcmecHHoe pemcHue, Komopoe npedcmaeAsiemcfi cfjopMyAou: 

rdet, (AA*)^ (z) 

(5-llj Xi = , ■ Vi = l,n 

ddetA 

ede z = yA* . □ 

OopMyjibi (5.9) H (5.11) HBjiHiOTCH ecTecTBeHHbiM H OHeBHflHbiM o6o6iri,eHHeM 
npaBHjia KpaMepa ^jih KBaflpaTHbix chctcm jiHHeHHbix ypaBHeHHii na;; KsaTepHH- 
OHHoit ajire6poH c flejienneM. Eme 6ojiee 6jiH3Kyio anajiorHio mojkho nojiyHHTb b 
cjieflyiomnx nacTHbix cjiynaax, KOTopbie cjie^yiOT h3 TeopeMbi 5.21. 

TeopeMa 5.38. Uycmb e npaeou cucmcMC auhcuhux ypaeneHuu (5.8) Mampuu,a 
K03(^(fiuu,ueHmoe A G M(n, H) - apMumoea. Tozda cucmcMa uMcem eduncmecHHoe 
pemcHue, Komopoe npedcmaeAMcmcji cfiopMyAOu: 

cdetj A.j (y) 



detA ' (^^• = ^'' 



□ 
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TeopeMa 5.39. Ilycmb e Ateoil cucmeMe AuneuHux ypaeneHuu (5.10) Mampuv,a 
K09cl}(f>uv,ueHmo6 A G M(n, H) - apMumoea. Tozda cucmeMa UMeem eduHcmeeHHoe 
pemenue, Komopoe npedcmaeAsiemcfi (fiopMyAou: 

rdctiAi (y) , , 

detA ' (^* = 1''^)- 

□ 

B paMKax TeopHii CTpoHHi.ix-CTOji6D,OBijix onpeflejiHTejieii nojiyneHO TaKJKe npa- 
BHjio KpaMepa fljia npasoro AX = B, jiesoro XA = B h /i,BycTopoHHero AXB = 
C MaTpHHHbix ypaBHeHnii ([15]). TaKsce nojiyneHO fleTepMHHanTHoe npeflCTaejieHHe 
Mypa-IleHpoysa o6paTHOii MaTpimti na/i, tcjiom KsaTepHHOHOB h npaBiijio Kpaiviepa 
fljisi HopMajiBHoro penieHHs npaBoii ii jieBoii CHCTeM jiHHeiiHMx ypaBHeHHfi ([16]). 

6. KBASHflETEPMHHAHT 

TeopeMa 6.1. UpednoAOOKUM, nmo Mampuv^ar' 

Oil ... air 

ydjii ... CLju 

UMeem o6pamHym Mampwuy A^^ . Tozda MUHop oOpamnou Mampuvfii ydosAemeo- 
psiem CAedymineMy paeeHcmey, npu ycAoeuu, nmo paccMampueaeMue oOpamnue 
MampuVjU cymecmeymm, 

(6.1) ((A-i)/j)-i = A,,, - A;/(A-^^)-iA:^, 

JJoKasameAbcmeo. OnpeflejieHHe o6paTHOH MaTpHi^Bi npiiBOflHT k CHCTeMe jiHHelt- 
Hbix ypasHeHHii 

(6.2) A'"(A-i)^,, + A:',(A-i)„ = 

(6.3) AjiA-^)'j + Aji{A-^)ij^E 

Mbi yMHOJKHM (6.2) Ha (A"'^) ^ 

(6.4) {A-'Yj + iA''')-'A''jiA-')jj = 
Tenepb mbi MOJKeM no;];cTaBHTi> (6.4) b (6.3) 

(6.5) Ajj{A-')jj - Ai{A'")-'A''j{A-')jj = E 

(6.1) cjieflyeT h3 (6.5). □ 

Cjie/i;cTBHe 6.2. UpednoAoatcuM, nmo Mampuv,a A UMeem o6pamHym Mampwuy. 
Tozda SAeMemnu o6pamHou Mampuvpi ydoeAemeopsuom paeeHcmey 

(6.6) ((A-i),,)-i=a,,-A^(A^^)-iA^: 

□ 



^3to yTBep^c^eHHe h ero ^OKasaTejibCTBO ocHOBaHM Ha yTBep:»c/teHHH 1.2.1 h3 [7] ^jih MaTpHu, 
Hafl CBo6o^HbiM KOjibi;oM c /^ejieHHeM. 
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□ 



IIpHMep 6.3. PaCCMOTpHM MRTpimy 

A = 

CorjiacHO (6.6) 

(6.7) {A-^hi - (an - 012(022)"' 021)"' 

(6.8) {A-^)2i = (021 - 022(012)"' oii)-i 

(6.9) (^"')i2 = (012 - 011(021)"' 022)"' 

(6.10) (A-i)22 - (022 - 02i(oii)-i ai2)"' 

Mbi HasbiBaeM MaTpHii,y 

(6.11) HA = {{HA).,) = ((a,,)-') 
oGpameHHeM A/;aMapa MaTpHii,bi 

(an ... air 
O71I ... CLni 

Onpe/i,ejieHHe 6.4. (j2)-KBa3H^eTepMHHaHT MaTpHD,bi A - sto 4)opMajibHoe 
BbipajKCHHe 

(6.12) |A|,, = (HA-i),, - ((A-i),,)-i 

Mbi MOJKeM paccMaTpHBaTb (ji)-KBa3HfleTepMHHaHT Kax sjicmcht MaTpHD;bi \A\ , 
KOTopyio Mbi 5y;i,eM HasbiBaTb KBa3H/i;eTepMHHaHTOM. □ 

TeopeMa 6.5. Bupaotcenue djisi (ji)-K6a3udemepMUHaHma uMcem (f>opMy 

(6.13) |A|,, =a,,-A-(A^')-iA^ 

(6.14) |A|,, -A^?7^|A^''|A^, 

floKaaamen'bcmeo. YTBepsKfleHHe cjie^yeT h3 (6.6) h (6.12). □ 
TeopeMa 6.6. Uycmb 

(6.15) A 
Toada 
(6.16) 



.0 1 




/loKaaameA-bcmeo. Hs (6.7) h (6.10) ohcbhaho, ^^to {A ^)ii = 1 h (A ^)22 = 1- 
TeM He Menee BbipajKeHne fljia (A~^)2i h {A~^)i2 ne moskbt 6BiTb onpeflejieno 

3[8]-CTp. 4 
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H3 (6.8) H (6.9) TRK KRK (a2i - 022(012)^^ On)"^ = (ai2 - 011(021)^^ 022)^^ = 0. 
Mbi MOJKeM npeo6pa30BaTb sth BbipajKeHna:. HanpiiMep 

{A^^)2i = {0.21 - 022(012)"^ flii)"^ 

= (aii((aii)~^ ai2 - (021)"^ 022))"^ 

= ((021)"^ aii(a2i(aii)~^ 012 - 022))"^ 

= (011(021(011)""^ 012 - 022))"^ 021 

Mbi HenocpeflCTBeHHO BiifliiM, hto (^^^)21 = 0. TaKHM jKe o6pa30M mm MO>KeM 
HaftTH, HTO (A^^)i2 = 0. 3to saBepmaeT flOKasaTejiBCTBO (6.16). □ 

Hs ^OKasaTejibCTBa TeopeMbi 6.6 bh^ho, hto mbi ne Bcer;i,a mojkcm nojib30BaTbca: 
paBeHCTBOM (6.6) fljia onpeflejienHH sjieMeHTOB o6paTHOH MaTpHii,bi h Heo6xoflHMbi 
flonojiHHTejibHbie npeo6pa30BaHHH fljiH pemeHHH stoh 3a;i,aHn. H3 TeopeMbi [17]- 
4.6.3 cjie^yeT, ito ecjiii 

/c 



rank 



Oil ■•■ Oi„ 



<n-2 



\Onl ■•. 0„ 

TO |A|jj, i = 1, n, j = 1, n, ne onpeflejien. H3 SToro cjieflyeT, hto xoth 

KBa3IIfleTepMHHaHT HBJIHeTCa MOmHbIM HHCTpyMetlTOM, B03M0JKH0CTb HOJIbSOBaTb- 

CH onpe^ejiHTejieM aBjiaeTCH cepbesHbiM npenMymecTBOM. 

TeopeMa 6.7. Ecau Mampuv,a A UMeem o6pamHym Mampuv,y, mo Saji awBux 
Mampuv, B li C M3 paeeHcmea 

(6.17) BA = CA 

CAedyem paeencmeo 

(6.18) B = C 

JJoKasameAbcmeo. PaBencTBO (6.18) cjie^yeT h3 (6.17), ecjiH o6e ^acTH paBencTBa 
(6.17) yMHOJKHTb Ha A^^. □ 

TeopeMa 6.8. Pemenue HeetipoMcdenHou cucmeMU auhbuhux ypaeneHuu 

(6.19) Ax^b 

onpedeACHo odHoanaHHO u Mootcem Sum-b aanucano e Am6ou U3 CAedywu^ux (fiopM^ 

(6.20) x = A-^b 

(6.21) x^n\A\b 

floKaaameAtcmeo. YMHO^Kaji o6e nacTii pabencTBa (6.19) cjieBa na A^^. mm nojiy- 
HHM (6.20). nojib3yHCb onpeflejieHHeM 6.4, mm nojiyHHM (6.21). PemeHHe ciiCTeMbi 
efliiHCTBeHHO B CHjiy TeopeMbi 6.7. □ 



Cmotph aHajioriiMHoe yTBep>KfleHHe b Teopeivie [7]-1.6.1. 
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7. COOTBETCTBHE ME>Kfly CTPOMHO-CTOJTBLl,OBbIMH OnPEflEJTHTEJTHMH H 

KBASHflETEPMHHAHTAMH 

TeopeMa 7.1. Ecau A G M(n,H) - o6pamuMasi Mampuv,a, mo Bam npouaeoAhHUX 
p,q = 1, n Mu UMecM CAedywinue npedcmaeACHUfi KeaaudemepMUHaHma 

(7.1) I A|p, - ddctA (Lpq)-i = ddctA (cdctq(A*A). ,,{A%)r^ 

/- „x ddctA — r— — — 7- — 7 

7-2 = , , cdet„ A*A) „(A* ) 

^ ' n(cdct,(A*A).,(A*p)) '-"^ -P' 

(7.3) \A\pg = ddctA (Rpq)~^ = ddctA (rdctp(AA*)p.(A* ))-i 

ddetA 



(7-4) = , , rdetp(AA*)„ (A* ) 

^ ' n(rdctp(AA*)p.(A;.)) '"'^ 

JJoKaaameAbcmeo. IlycTb A^^ = i^ij) - MaTpHn;a o6paTHaH MaTpHLi;e A. PaBCHCTBO 
(6.12) pacKpBiBacT cbhsb MCJKfly KBasHflCTcpMiiHaHTOM I A q MaTpimbi A G 
M(ri,H) H sjiCMCHTaMH o6paTHOH MaTpHD;bi A^^ ~ (bij), a- hmchho 

-ri- \pq— IJqp 

flJIH BCexp, q — 1, .... n. B TOJKC BpCMH TCOpHH CTpO^IHbIX-CTOJl6ri,OBI>IX OnpCflCJIHTC- 

jiefl; (leopeMa 5.33) ^acT HaM npeflCTaBjiCHHH oSpaTHOit MaTpHi^bi napes ee flBofinbie 
jiCBbie (5.6) H npaBbie (5.7) ajire6paHHecKHe flonojiHCHHH. TaxHM o6pa30M, coot- 

BCTCTBCHHO, nOJiyHHM 



(7.5) I A 6-i 



/ l^pq y' ^ / cdct,(A*A).,(A:p) ' 
V ddctA y I ddetA 



(76) lAI -h~'-( A-dct,(AA-),.(A;. 

U.6J I A V - ddctA j ddctA 

TaK KaK ddctA 7^ £ F, to 3(ddctA)^^ e F. B cbokj oncpeflb 
(7.7) cdet,(A*A).,(Ay"'- 



1 cdet,(A*A).,(A*p) 



n(cdct,(A*A)., (A*p))' 



,_i rdeti,(AA*)„ (A* 
(7.8) rdctp(AA*),.(A;.) ' = 



n(rdetp(AA*)p. (A*.))' 

IIoflCTaBHB (7.7) B (7.5), a (7.8) b (7.6), cooTBeTCTBeHHO nojiy^HM (7.2) h (7.4). 
TeopeMa flOKasana. □ 

OopMyjia (7.2) ^acT sbhoc npcflCTaBjiCHiie KBasHflCTepMHnaHTa | A \p^q MaT- 
pmxbi A £ M(?7, H) fijia bccx p,q = l,...,n nepea CTOji6D;oBbiii onpcflejiHTCjib ee 
cooTBCTCTBCHHOii jiCBOii spMHTOBOH MaTpHLi,bi A* A, a (7.4) - ^epcs CTpoHHBiii onpe- 
;i,ejiHTejib ee cootbctctbchhoh npaBoii spmhtoboh AA*. 



IIpHMep 7.2. PaccMOTpiiM MaTpHii,y 

A=( 



an ai2 

0.21 022 , 
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(7.9) \A\ 



( ail 


a2i\ 


A*A = [ 


V 012 







CorjiacHO (6.13) 

ail - 012(022)"^ a2i ai2 - 011(021)"^ 022 \ 
^021 - 022(012)^^ an 022 - 021(011)"^ ai2 j 
Hama 3a;i,aHa HaiiTii stot KBasHfleTepMUHaHT, nojibsyHCb TeopeMofi 7.1. OneEHflHO, 

n(aii) + 11(021) 011012+0210221 
^012011 + 0^021 n(ai2) + 11(022) j 
BbiHHCjiHeM Heo6xo/i,HMMe onpe^ejiHTejiH 
ddctA = rdcti(A*A) 

= (n(aii) + n(a2i)) • (n(ai2) + 11(022)) 
-(aTToi2 + 0^7022) • (oHoii +0^021) 

= ii(aii)n(ai2) + 11(011)11(022) + 11(021)11(012) + n(o2i)ii(o22) 
—011012012011 — 011012022021 — 021022012011 — 021022022021 
= n(aii)n(o22) + n(a2i)n(ai2) - (aITai2aii'02i + aI7oi2a5i'o2i) 
^ 11(011)11(022) + n(o2i)n(oi2) - t( 077012 022021) 



J ^ I \ * \ \ I * \ j-i- / '^21 O11O12 + 021O22 
cdeti(A*A).i(a*2) = cdeti 

\^022 n(ai2) +n(a22)y 
= 11(012)0^ + 11(022)027 " 077012022 - 027022022 
= 11(012)027 - 0770120^. 

Torfla, 

cdeti(A*A).i(a*2) = n(oi2)o2i - 022072011, 
n(cdeti(A*A).i(a*2)) = cdeti(A*A).i(a*2) • cdeti(A*A).i(a*2) 

= (11(012)021 - 022072011) • (n(ai2)a57- 0770120^1) 
= 11^(012)11(021) - 11(012)021077012055' 
-11(012)022075011057 + 022075011077012055 
= n(oi2)(ii(ai2)n(a2i) - t(a77oi2a55o2i) + 11(021)11(012)) 
= ii(oi2)ddetA. 
CjieflyH 4)opMyjie (7.2), nojiy^HM 

ddctA 



1^1- - n(cdeti(A*A).i(a*2)) ^'^^^^^^^)-^^'^^-^ 

ddctA ^ — ; 

cdcti(A*A).i(a*2) 



(7.10) 



n(oi2)ddctA 



cdcti(A*A).i(a*2) 



n(oi2) 

(11(012)021 - 022075011) 



n(oi2) 
= 021 - 022(012)^^011. 

IIocjicflHee BbipajKCHiie b (7.10) coBnaflacT c BbipajKcmieM |A|2i b (7.9). □ 
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9. nPE/],METHbm yKA3ATEJlb 



(j'i)-KBa3HfleTepMHHaHT 17 
flBOHHOH onpe^ejiHTejib 13 
HHBOJiiOLi,HH B KBaTepHHOHHOH ajire6pe 6 
KBasHflexepMHRaHT 17 

KBaTepHHOH, COnpSIyKeHHBIH K KBaTepHHOHy 

X 6 

KBaTepHHOHHaa ajire5pa 6 

jieBoe ajire6paHMecKoe flonojiHCHHe 

sjieMCHTa MaTpHii,bi 9 
jieBoe ^BOHHoe ajire5paHHecKoe 

flonojiHeHHe sjieMenTa MaTpHii,bi 14 

Hopivia B KBaTepHHOHHOH ajire6pe 6 
o6pairi,eHHe A^aiviapa MaTpHi^bi 17 

npaBoe ajire6paHMecKoe ^onojineHHe 

sjieMCHTa MaTpHi3;bi 8 
npaBoe flBOHHoe ajire6paHH:ecKoe 

flonojiHeHHe sjieMCHTa MaTpHii,bi 14 

paHr SpMHTOBOH MaTpHLI,bI HO TJiaBRblM 
MHHOpaM 11 

cjiefl KBaxepHHOHa 6 
CTOJi6Li;oBbiH onpeflejiHTejib 8 
CTpOMHbiH onpeflejinTejib 8 

ynopH^OMCHHoe cjieBa npeflCxaBJieHne 

noflCTanoBKH npOH3Be^eHneM li,hkjiob 7 

ynops^OMeHHoe cnpaBa npe^CTaBJienne 

noflCTanoBKH npOHSBe^CHHeM li,hkjiob 7 

ycjioBHe nepecTaHOBOM:HOCTH cjie;a,a 6 

3pMHTOBa MaTpHij,a 4 
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10. CnELI,HAJlbHbIE CMMBOJlbl M OB03HAHEHM5I 



A. T MHHOp 3 
A 5 . MHHOp 3 
A' MHHOp 3 

A'^ ■ MHHOp 3 

|A|ji (j'i)-KBa3H^eTepMHHaHT MaTpHLi;bi A 



A.j (b) npeo6pa30BaHHe MaTpnri;bi 3 
A^. (b) npeo6pa30BaHHe MaTpni^bi 3 

\A\ KBaSHflCTepMHHaHT MaTpHI^bl A 17 

cdctj A CTOJi6Li,OBbiii onpe^ejiHTCJib no 
j-M.y CTOJi6Li,y MaTpHLi,bi A 8 

ddctA ;],BOHHOH onpeflejiHTejib MaTpnri,bi 



nojieM F 6 

l-LA o6pain,eHHe Aflaiviapa MaTpnii,bi 17 
IH[{a, b) KBaTepHHOHHaH ajire6pa 6 

Li j jieBoe ajTre5paHHecKoe flonojiHeHiie 

sjieivieHTa aij MaTpnri;bi 9 
hij jieBoe ^BOHHoe ajire5paHMecKoe 

flonojiHeHHe sjieivieHTa aij MaTpHu,bi 14 

n(x) HOpMa KBaxepHHOHa x 6 

R-ij npaBoe ajire6paHMecKoe flonojiHCHHe 

sjieMCHTa aij MaTpHn,bi 8 
M.ij npaBoe ^bohhoc ajire6paHHecKoe 

flonojiHCHHe sjieiviCHTa aij MaTpHii;bi 14 

rdet^A CTpoMHbifi onpeflejiHTCJib no i-pL 
CTpoKe MaxpHi^bi A 8 

Sn CHMMeTpHMecKaa rpynna 7 

t(x) cjie/^ KBaTepHHOHa x 6 



17 



A 13 
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